ED

Queen's Economics Department Working Paper No. 1458

Truncated sum-of-squares estimation of fractional time
series models with generalized power law trend

Javier Hualde
Universidad Publica de Navarra

Morten @rregaard Nielsen
Queen's University and CREATES

Department of Economics
Queen's University
94 University Avenue
Kingston, Ontario, Canada
K7L 3N6

1-2022



Truncated sum-of-squares estimation of fractional time
series models with generalized power law trend”

Javier Hualde' Morten @rregaard Nielsen?
Universidad Publica de Navarra Aarhus University

January 19, 2022

Abstract

We consider truncated (or conditional) sum-of-squares estimation of a parametric
fractional time series model with an additive deterministic structure. The latter con-
sists of both a drift term and a generalized power law trend. The memory parameter of
the stochastic component and the power parameter of the deterministic trend compo-
nent are both considered unknown real numbers to be estimated and belonging to arbi-
trarily large compact sets. Thus, our model captures different forms of nonstationarity
and noninvertibility as well as a very flexible deterministic specification. As in related
settings, the proof of consistency (which is a prerequisite for proving asymptotic nor-
mality) is challenging due to non-uniform convergence of the objective function over a
large admissible parameter space and due to the competition between stochastic and
deterministic components. As expected, parameter estimates related to the determin-
istic component are shown to be consistent and asymptotically normal only for parts
of the parameter space depending on the relative strength of the stochastic and deter-
ministic components. In contrast, we establish consistency and asymptotic normality
of parameter estimates related to the stochastic component for the entire parameter
space. Furthermore, the asymptotic distribution of the latter estimates is unaffected
by the presence of the deterministic component, even when this is not consistently es-
timable. We also include a small Monte Carlo simulation to illustrate our results.
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Estimation of fractional time series with generalized trend

1 Introduction

A common approach to time series modeling is to assume an additive structure, where the
observed process is a sum of latent stochastic and deterministic components. Regarding
the former, the autoregressive moving average (ARMA) class, possibly including unit root
nonstationary and noninvertible processes, is dominant. A general model that includes these
processes as special cases, and also bridges the gap between stationary and invertible ARMA
models and the unit root nonstationary or noninvertible models, is the fractionally integrated
time series model. Specifically, a zero-mean fractional model for z; is given by

Aizt = Ug, te Z, (1)
w=w(L;p)e, teZ, (2)
where ¢, is a zero-mean and serially uncorrelated sequence, L is the lag operator, and, for any

process &, A& = ASGI(t > 1) = S m (=€) &iI(t > 1) with I(-) denoting the indicator
function, m;(v) = 0 for ¢ < 0, mo(v) = 1, and
Fv+i)  vw+1)...(v+i—1)

m(v):F(v)F(l—f—i)_ i ;=21 (3)

denoting the coefficients in the binomial expansion of (1 — z)™". The parameter § is the
“memory” of the process, which satisfies § = 0 for stationary and invertible ARMA models,
0 = 1 for unit root nonstationary models, and § = —1 for unit root noninvertible models.

The process z; generated by (1) has been termed by the literature as a Type II fractionally
integrated process of order §. The Type II specification (1) assumes that the process is
initialized at ¢ = 1, but at the cost of more complicated proofs we conjecture that this could
be generalized to any initialization under suitable conditions on the initial values. Johansen
and Nielsen (2010, 2012a, 2016) developed maximum likelihood-based inference theory for
fractional processes under more general assumptions on the initialization, where the inference
is conditional on a finite number of initial values. Of course, finite sample behavior may
depend on the initialization as investigated by Johansen and Nielsen (2016) using higher-
order asymptotic expansions and numerical methods. To avoid further complications of the
theory, we maintain the simpler Type II initialization in (1).

The function w in (2) characterizes parametrically the short memory dependence present
in u;, and hence in z;. It is given as

w(L; ) = Z%@P)Lj, (4)

where ¢ is an unknown p x 1 vector collecting the short-memory parameters. For example,
we could have

(L) = WAL 2, )

OéAR(L, (P)

where aqr and ajr4 are polynomials of orders p; and po, respectively, with no common ze-
ros and all roots outside the unit circle. Then (1),(2),(5) constitutes the fractionally inte-
grated ARMA, or FARIMA (p1, §, p2), model, where ¢ collects the AR and MA parameters.
However, we will maintain the more general short-memory specification (4) instead of (5),
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so that, under our conditions, z; will not be restricted to belong to the FARIMA class. More
precise conditions will be imposed on w below.

An important implication of model (1),(2) is that E (z;) = 0, so therefore, even if this
setting has been employed in theoretical work (e.g., Hualde and Robinson, 2011 or Nielsen,
2015), it has limited empirical relevance. In practice, it would be natural to extend (1),(2)
to allow for some deterministic structure such as, for example, a non-zero mean or drift. A
very simple possibility would be to consider the observable process z; generated as

Ai (xt - :u) = U, le Z?? (6)
which implies that
Ty = ILL]I (t > 1) + 2y = U1 (1) + 24, t e Z, , (7)

so x; is a fractionally integrated process with drift if g £ 0. This is a particular case of
previous proposals in the literature, like Robinson (1994, 2005) or Robinson and lacone
(2005). An alternative specification for the deterministic component could be

Aixt =B+ u or x;y = AIF‘SB + A;‘Sut =pm1 (0 + 1)+ 2, (8)

see also Robinson (1994). By Stirling’s approximation, m_1(1 + ¢) behaves like t¢, apart
from a constant factor, and m;_1(1 + ¢) is therefore denoted a generalized power law trend of
order c or a generalized polynomial trend of order c. Thus, the presence of a non-zero 3 in
(8) generates a deterministic trend component for z;.

Several ideas arise from the previous discussion. First, the specification in (8) shows that,
when dealing with fractional time series, the fractional coefficients m;_; appear to be a more
natural and elegant representation of deterministic terms compared with the usual powers
of t. Of course, for the commonly applied cases ¢ = 0,1, m_1(1+¢) equals t° for ¢ > 1. More
generally, considering m,_; appears to be a natural approach to introducing a deterministic
term that complements the Type II process z;, due to the properties

Ami(c) = m1(c — d) and i mi(c) =m_1 (1+¢). (9)

Second, in view of (1), restricting the fractional order of the stochastic and deterministic
components to be identical in (8) seems arbitrary. This motivates the more general model

zy = B () + &, (10)

where  and 7 are both unknown real-valued parameters and z; is generated by (1),(2),
so, in particular, it can be either short or long memory. Under the model (1),(2),(10), the
fractional order of the stochastic term is ¢ and that of the deterministic term is ~, thus
allowing these orders to be modeled by two different parameters. In related work, Hualde
and Nielsen (2020) analyze the model

x = Bt + 2, (11)

where tfl = t771(¢t > 1) (strictly speaking, they considered the power ¢, but this makes no
difference with the obvious re-labeling). Of course, since m;_1(y) = 7" 1I(t > 1) for v =1, 2,
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(10) and (11) are identical specifications for v = 1,2. Model (11) is a particular case of
those of Robinson (2005) or Robinson and Iacone (2005), where more deterministic terms are
included, but the power law parameters were assumed to be known. Also, (11) is embedded in
Robinson’s (2012) spatial model, where the power law parameters were unknown, but which
required a short memory stochastic component. As will be seen below, apart from being
more natural in a fractional setting, the specification (10) offers several crucial advantages
over (11). Therefore, (11) is more accurately described as an approximation to (10) in a
fractional setting with v # 1,2.

Third, the model (10) (or (11)) is, undoubtedly, quite restrictive. For example, it cannot
accommodate the commonly applied constant plus linear trend specification. To illustrate
the restrictive nature of (10) or (11), note that for both models z; = 8 + 21, which implies
that the § parameter is intimately linked to the initial observation. Thus, in practice, a
large value of x; will lead to a large value of the estimated 3, even in cases where the true
slope of the deterministic component is small. This discussion just indicates that models
(10) or (11) might be misspecified in most cases due to the omission of a drift component
that determines the level of the observable time series. Thus, inspired by (7) and (10), we
consider instead of (10) the more general structure

Ty = ,mrt_l(l) + 671}_1(’)/) + Zty (12)

where for identification 7 # 1. The deterministic specification in (12) covers the standard
case of constant plus linear trend (when v = 2). However, since v is allowed to take any
real value, (12) characterizes a wide range of deterministic behaviors. Compared to (10) (or
(11)), the generalization in (12) appears to be particularly relevant for v < 1, because in this
case the deterministic structure would approach smoothly the drift p as time increases. One
interpretation of this case, which appears to be both realistic and coherent with e.g. economic
time series, is that of a series moving around a deterministic structure that approaches
an equilibrium value (given by p). Furthermore, the parameter p is the so-called “level
parameter” in the terminology of Johansen and Nielsen (2016), the inclusion of which they
argue can alleviate bias issues arising from non-zero initial conditions in the Type II context.

Fourth, model (12) is closed under fractional differencing in the sense that, for any d € R,

Az = pm 1 (1 —d) + B (y — d) + A0, (13)

has the exact same structure as (12). This property is an important advantage, because, as
will be seen below, our proposed estimators depend crucially on fractional differences of the
observables, and (13) will simplify the estimation procedure by avoiding the presence of “ap-
proximation errors” which routinely appear when taking fractional differences of polynomi-
als of £. It is desirable, both from a mathematical and from a practical point of view, that
fractional differences of a process belonging to a class of fractional time series belong to the
same class of fractional time series. In other words, it would seem strange if fractional dif-
ferences of a fractional time series process generated processes that were outside the class.
Unlike (10) and (12), the alternative model (11) given with ¢~ instead of m,_;(7) is not
closed under fractional differencing. Thus, modeling trends by means of 7;_; seems both more
natural and more elegant than a power of ¢, and leads to several advantages, which are even
more relevant because of the extra flexibility introduced by the drift term p. In particular, we
note that the properties (9) are only shared approximately by ¢, in the sense that Aiti is
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only asymptotically equal to a constant times t‘:d, and only for some values of ¢ and d. From
a technical viewpoint, the “closedness” leads to simpler and more elegant proof arguments.
From a practical viewpoint, for the model (11) discussed in Hualde and Nielsen (2020), only
the case v > 0 could be considered. Nicely, considering generalized trends (m;_;) instead of
powers of ¢ permits consideration of any value of v in an arbitrarily large compact set.

In our model (1),(2),(12), we allow both the stochastic and deterministic components to
be of a fractional order, thereby placing them on an equal footing. Specifically, 6 (which we
permit to lie in an arbitrarily large compact interval) characterizes the behavior of Var (z;)
and Cov (x;,x,—;) and ~y characterizes the behaviour of E (z;). Thus, borrowing White
and Granger’s (2011) terminology, when 6 > 1/2, x; has an increasing “stochastic trend in
variance” because Var (z;) grows at rate t?~1. Similarly, z; has a “stochastic trend in mean”
because E (z;) grows at rate t7-!. In this sense, letting v be real-valued appears as natural
as letting 0 be real-valued. Moreover, in the context of fractional models, letting v be real-
valued seems to be a natural alternative to the more standard linear trend model, which
might suffer from severe specification problems with important implications for inference.

We note that if v were known in (12), the estimation problem is simplified greatly. This
case has been studied by Robinson (2005) who considered M-estimation of a model like (11)
(although involving more deterministic terms) with known + and allowing for fractional z;.
Other works that have considered a similar problem to ours, but assuming that z; is at most
a weakly dependent process, include Wu (1981), Phillips (2007), and Robinson (2012). The
latter analyzes a more general spatial setting with more deterministic terms, but where the
weakly dependent stochastic component is dominated by the deterministic structure. Related
to the implications of the relative strength of deterministic and stochastic components for
estimation, Johansen and Nielsen (2016) proved consistency and asymptotic normality of a
truncated/conditional sum-of-squares estimator that ignores the deterministic components,
whenever this component is dominated by the stochastic one. Other contributions that
include power law trends, although in slightly different contexts, are Robinson and Marinucci
(2000) and Robinson and lacone (2005). Finally, as mentioned above, Hualde and Nielsen
(2020) analyze the model given by (1),(2),(11), using the approximation given by the simple
power tfl instead of the fractional coefficients m;_1 (7). Their work has two very important
limitations with respect to our contribution in the present paper. First, they have no drift
term, which, as justified before, limits substantially the empirical relevance of their model.
Second, as a consequence of applying the approximation ﬂr_l, they require a strong condition
on the power law parameter, namely v > 0, so cases where the deterministic structure tends
very quickly to an equilibrium value (known to be 0 in their model) are not covered.

In the present paper we derive the limiting properties of a truncated/conditional sum-
of-squares estimator of parameters in model (1),(2),(12). As in Hualde and Nielsen (2020),
our setting is substantially more involved than in the related analysis of Hualde and Robin-
son (2011) (or Nielsen, 2015), which discussed parametric estimation in model (12) taking
i = = 0 as known. This avoids the huge complication of dealing with the competition
between stochastic and deterministic components, especially related to the proof of consis-
tency (prerequisite for proving limiting normality), which is very delicate because the loss
function does not converge uniformly over a large admissible parameter space, even when
knowledge of 4 = § = 0 is imposed. Additionally, the presence of a second deterministic
term (the drift) over the simpler setting of Hualde and Nielsen (2020) introduces very sub-
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stantial technical challenges.

As in Hualde and Nielsen (2020), we establish the limiting properties of our estimators,
noting that results depend on the relative strength of the deterministic and stochastic compo-
nents. We distinguish different cases depending on the true values of the parameters, which
are denoted by subscript zero. When vy — 1/2 > §y and §y < 1/2, we find that the estima-
tors of all parameters are consistent and asymptotically normal. Next, when vy — 1/2 > §;
but §y > 1/2, consistency and asymptotic normality hold for all estimators except that of
to. Alternatively, when vy — 1/2 < g, only the estimators of the parameters related to the
stochastic component (&g, ¢,) are consistent and asymptotically normal. In this case, the
joint limiting distribution of the estimators of dy and ¢, is unaffected by the presence of de-
terministic components that cannot be consistently estimated; a phenomenon that has been
noted previously in, e.g., Heyde and Dai (1996), Abadir, Distaso, and Giraitis (2007), Ia-
cone (2010), and Hualde and Nielsen (2020). If, in this case, dy < 1/2, we also provide a
convergence rate for the estimator of .

The rest of the paper is organized as follows. First, in Section 2 we discuss the estimation
problem in model (12) and compare with several alternatives. In Section 3 we present the
main theoretical results of the paper. Next, a Monte Carlo experiment of finite sample
performance is presented in Section 4, and we give some concluding remarks in Section 5.
Finally, Section 6 collects the proofs of our main results, while all lemmas are stated in
Sections 7 and 8. The proofs of all lemmas can be found in Sections 9 and 10.

2 The estimation problem

We introduce the following notation. Let prime denote transposition. The parameter for
the stochastic component is 7 = (§,¢’)" with true value 7o = (dg, ¢})’. We also define the
parameters ¥ = (7/,7)" and ¢ = (i, 8)" with true values ¥y = (7(,7%)" and ¢, = (o, Bo)’-
Thus, the model is given by (12), which we repeat here for convenience,

xy = pm1 (1) + Bma () + 2,

where z; is a stochastic term modeled by (1),(2). The data generating process (DGP) is
given by (1),(2),(12) with parameters ¥ and ¢,,.

To illustrate the estimation problem, suppose for now that w(L;e) = 1, and hence
u; = &, and ignore ¢, so that the parameters to be estimated are 9,~, u, 5. Hualde and
Nielsen’s (2020) proof methods and results make evident the significant technical difficulties
of enlarging their relatively restrictive model (11) with additional deterministic terms to
capture a richer structure (e.g., including a drift). Thus, an interesting and tempting proposal
is the “differencing and adding back” procedure, where the idea is to eliminate the drift
by differencing to simplify the estimation problem. A similar idea has been considered for
estimation of nonstationary processes by Velasco (1999a, 1999b) and Chen and Hurvich
(2003) in combination with tapering of the periodogram in frequency domain methods.
Specifically, consider y; = A,z in (12); that is

ye = Ayay = pm1(0) + Brea(y — 1) + Ai_éfu (14)

so that the observable process is y; = Bom—1(70—1) —i—Ai_‘SO&tt for t > 2 and y; = po+ 5o +e1.
We notice that pg only affects one observation, y;, so an apparently sensible approach could
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be to “forget” about this effect and act as if the influence of iy had been completely removed
by differencing. In this setting, we will discuss several variations of differencing and adding
back, and argue why these all fail for this model.

Supposed we observed

Yo = Bomi—1(0 — 1) + A}[(Sost, t=1,..,T.

Then we could consider the loss function
T
Qr(6,7,8) =Ty (AL'G — Bmia(y = 6))° (15)
t=1

and derive the corresponding estimators. This approach would eliminate the drift parameter
1, and thus simplify the estimation problem. In particular, it would be relatively similar to
that in Hualde and Nielsen (2020), with the only relevant difference of dealing with m;_; (y—9)
instead of Ait”il in the loss function. However, in practice we observe z;, or equivalently

y, fort =1,...,T, so that @T is infeasible because 7 is unobserved. Specifically, 1; = y; for
t>2but yy = Boter # pot+Boter =y if po # 0. We now discuss three feasible alternatives.

First, inspired by Qr in (15), we could ignore the presence of pg in the single observation
y1 and set the loss function as

T
Qur(8,7,8) =T Y (A Myy — Bria(y = 6))%.
t=1
We note from (14) that A%y, = pemy_1(1—6) + Bome_1 (70 — 0) + A% %¢,. Thus, comparing
with the infeasible Q7, we find

T
Qur(6,7,8) =T (AY'G, — Br_a(y — 6) + pom—1 (1 — 8))?,
t=1

and the presence of the additional term pom_1(1 —0) in Q17 (compared with @T) is unde-
sirable. For example, evaluated at the true values we find

T

Qur(60,70, B0) = T (&1 + pomi—a(1 — &o))?,

t=1

where the contribution of the term uom_1(1 — dp) is non-negligible, and in fact is dominant
for 09 < 0 if py # 0.

Second, to eliminate the influence of the first observation, suppose we force a zero initial
condition and consider

yi =0 and y; = Az, = Bom_1(y0 — 1) + Al"%¢, for ¢t > 2.

We could then use the observed values y;,¢t = 1,...,T, in the estimation; that is, work with
the loss function

T
Qar(0,7,8) =T Z(Ai_ly: — Bma(y —9))%
=1
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Comparing again with the infeasible @T, we find that
T
Qar(8,7,8) =T~ (AY'G, — Bri(y = 8) — (Bo + 1) w1 (1 — 6)),
t=1
where the additional term (Sy + €1)m—1(1 — §) in Qor causes difficulties similar to the addi-
tional term in (Q17. Furthermore, simply omitting the first observation and defining Qo7 by
a summation over t = 2,...,T causes identical problems.
Third, instead of 3, in (14), suppose we consider the forward difference. That is, consider
the observable

Yl = 241 — 2 = Bome(yo — 1) + Al%g gy fort=1,...,T—1

and the corresponding loss function

’ﬂ

-1

Qsr(6,7,8) = (T — 1) (Ai lyt ﬁAi_lﬁt(V —1))%

t=1

This would appear to eliminate the influence of the first observation and po. However,
because Ai’lyt BoA? & (o — 1) + A‘_S[‘;Oatﬂ — (1 —0)eq, the additional term (1 —0)eq
again causes difficulties similar to the additional terms in ()17 and ()27. Unreported Monte
Carlo simulations confirm that estimators based on Q;7,7 = 1, 2, 3, are inconsistent for dy < 0.
The above discussion makes it clear that the “differencing and adding back” procedure
cannot be used to simplify the estimation problem in our context. We therefore focus on the
observed xz; for t = 1,...,7T. Motivated by the Gaussian log-likelihood and dealing with the
general specification for w given in (4), we consider the sum-of-squares loss function
1
LT(197 ¢) = T Z (p(La Qo)xt((s) - ¢,Ct—1(1 - 57 v 67 QO))2 : (16)
t=1
Here we have defined p(s;) = w™!(s;¢), see the discussion following Assumption Al,
&(d) = AL, for an arbitrary process &, and

ci-1(1 = 0,7 = 0,) = (ct-1(1 = 6,p), cr1(y — 6, )’

with the convolution coeflicient
t—1
eir(d, @) = p(Li@)ma(d) = 3 py0)mosa(d). (17)

=0

Clearly, for a given 1, we can concentrate the loss function (16) with respect to ¢, to obtain
the concentrated loss function

1 T

Rr(®) = 223 (0L 9)a(0) ~ & (®)e, (1 =7~ 8.9))

=1
where

(Z ci-1(l= 0,7 = d,)c; (1 = 3,7 =, 90)> Y e1(1=6,7-0,9)p(L; p),(0).
- (18)
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Thus, letting the parameter space for ¥ be denoted =, which will be fully specified in
Assumption A3 below, we propose the estimator

~

¥ = arg min Ry (9), (19)

along with ¢ = ¢(9) and 5% = L (9, §).

As proposed by Hualde and Robinson (2011), we call (19) the truncated sum-of-squares
estimator, though it is also often called the nonlinear least squares or conditional sum-of-
squares estimator. Because it is based on the Gaussian likelihood, it is expected to be
asymptotically efficient under Gaussianity. For nonfractional ARMA models with a known
integer-valued memory parameter, (19) was advocated by, e.g., Box and Jenkins (1971). For
fractional time series, the estimator was suggested by Li and McLeod (1986) in stationary
FARIMA models. The first rigorous asymptotic analyses of (19) with the memory parameter
lying in an arbitrarily large compact interval were given by Hualde and Robinson (2011) and
Nielsen (2015).

3 Main results

We first provide the assumptions needed for consistency of the estimator. Our conditions
for the asymptotic analysis are nearly identical to those in Hualde and Robinson (2011) and
Hualde and Nielsen (2020), with the only difference being in Assumption A3 below.

Al. (i) for all ¢ € U\{py}, |w(s;@)| # |w(s;@y)| on aset S C {s:|s| =1} of positive
Lebesgue measure;
(ii) for all ¢ € U, w(e™; ) is differentiable in A with derivative in Lip(s) for 1/2 <
¢< Ly
(iii) for all A, w(e™; ) is continuous in ¢;
(iv) for all ¢ € ¥, wo(ep) =1 and |w(s; )| # 0, |s| < 1.

A2. The ¢ in (2) are stationary and ergodic with finite fourth moment, FE(&;| F—1) = 0,
E(&2| F,1) = 02, a.s., where F; is the o-field of events generated by e,, s < t, and
conditional (on F;_;) third and fourth moments of ¢; are equal to the corresponding
unconditional moments a.s.

A3. The parameter space for ¥ is given by = = [\/1, V2] X ¥ x O and 9y € Z. Here, v/,
V2 are arbitrary real numbers such that \7; < 72, ¥ C R? is compact and convex,
and O = [0, 1 — k] U[1 + &, O] for arbitrary real numbers [J;, [y, and an arbitrarily
small real number x > 0 such that [J; < 1 — x and Uy > 1 + k. For ¢ the parameter
space is R%. Finally, if 79 — 1/2 > dy, we also assume that 3y # 0.

For a detailed discussion of A1 and A2 we refer to Hualde and Robinson (2011) and Hualde
and Nielsen (2020). Note that writing w™(s; ) = p(s; ) = Z;’;O pi(ep)s’, Assumption Al
implies that po(¢) = 1 for all ¢ and

sup |w; ()] = O(j717%) as j — oo, (20)
pew
sup [p; ()] = O(j717%) as j — oo, (21)
eV
inf : >0 22
ot Ip(s;0)] >0, (22)
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where ¢ > 1/2 is given in Al(ii). Al is easily satisfied for stationary and invertible ARMA
models and for the exponential spectrum model of Bloomfield (1973). It is very similar to
other conditions employed in asymptotic theory for the estimate 7, see Hualde and Robinson
(2011) and Nielsen (2015), as well as Whittle estimators that restrict to stationarity, e.g.
Fox and Taqqu (1986), Dahlhaus (1989), and Giraitis and Surgailis (1990). Assumption Al
can be readily verified because w is a known parametric function. In fact w satisfying Al
are invariably employed by practitioners.

Assumption A2 does not impose independence or identical distribution of &;, but re-
quires conditional homoskedasticity. It is standard in the time series literature since Han-
nan (1973), although it may be quite strong for some empirical applications. We conjecture
that this assumption could be relaxed to allow for both conditional and unconditional het-
eroskedasticiy following recent work by Cavaliere, Nielsen, and Taylor (2015, 2017, 2022).
This would require replacing A2 by more complicated summability conditions on the cumu-
lants of ; and would substantially complicate our proofs. Consequently, this seems beyond
the scope of this paper.

Assumption A3 is very similar to A3 in Hualde and Nielsen (2020), but with two im-
portant differences. First, due to the inclusion of the extra drift term, we need vy # 1 to
guarantee identification of o and Sy (see also Section 4.2). This condition, along with the
need of dealing with compact parameter spaces in the consistency proof, leads to setting the
parameter space for vy as [[J1,1 — &] U [1 + k,0s]. A similar requirement is imposed in the
related setting of Robinson (2012). Second, translated to our notation, Hualde and Nielsen
(2020) impose the condition that OJ; > 0, which implies that just cases where 75 > 0 can
be considered. This is due to the approximate nature of their model. Specifically, this ad-
ditional condition helps to guarantee that their model is approximately closed under frac-
tional differencing, i.e. to obtain that Aiti is approximately equal to a constant times t‘j:d.
In contrast, apart from the exclusion of the arbitrarily small open interval (1 —,1+ k), we
permit 7, to lie in an arbitrarily large set. Also, similarly to Hualde and Nielsen (2020), the
parameter space for ¢ is basically unrestricted, although we need the condition 3y # 0 to
guarantee the identification of vy whenever this parameter can be consistently estimated.

As will be seen, when ¢y is large, the stochastic signal dominates the deterministic trend.
In particular, whenever dy > 9 — 1/2, 79 and [y cannot be consistently estimated, and if
do > 1/2 this problem also affects the estimation of the drift ;9. On the other hand, when
dp < o—1/2 and/or §y < 1/2, at least part of the deterministic structure can be consistently
estimated. Interestingly, for small values of §p even very small and vanishing generalized
trends (with small or negative 7y) can be consistently estimated. In this sense, the value of
0o helps the identification of the deterministic trend.

Theorem 1. Let x; be generated by (1), (2), and (12) with true values Oy and ¢, and let
Assumptions A1-A3 hold.

(i) If v0 — 1/2 > by, then1A9—>p Vo as T — oo.
(11) If vo — 1/2 < by, then T —, T as T — 0.

Because aﬁ = (m, B\)’ has an explicit form, a prior consistency proof is not required,
and therefore ¢ is not included in Theorem 1. When applicable, we present directly the

10
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asymptotic distribution of q/i\) in Theorem 2(i) below. Specifically, it follows straightforwardly
from Theorem 2 that i is consistent if dy < 1/2 and B is consistent when vy — 1/2 > 4.
Theorem 1(i) shows consistency of 9 when Yo — 1/2 > &y, which we refer to as the strong
deterministic trend case. On the other hand, Theorem 1(ii) shows consistency only of T
when vy — 1/2 < dg, which is the weak deterministic trend case. In the latter case, vy (and
Bo) cannot possibly be consistently estimated. This is easily seen by considering for example
do = 1 (a random walk) in which case the parameters 79 and [y cannot be consistently
estimated when 7y < 3/2 because the deterministic signal is drowned by the stochastic noise.
This generalizes the well-known result that a level (7 = 1) cannot be estimated consistently
for a random walk, whereas a linear trend (yy = 2) can be consistently estimated. Similarly,
we note that, as will be discussed in the context of Theorem 2(i) below, the drift parameter 1
can be consistently estimated whenever dy < 1/2, i.e. when z; is (asymptotically) stationary.
More generally, Theorem 1(ii) shows that, even in cases where the deterministic signal
is not strong enough for consistent estimation of the deterministic structure, the parameter
characterizing the stochastic component, T, can nonetheless still be consistently estimated.
The proof of Theorem 1 is very challenging due to the non-uniform behaviour of the loss
function over a large admissible parameter set. In a much simpler setting with absence of any
deterministic component, this problem was acknowledged and solved by Hualde and Robin-
son (2011) and Nielsen (2015), where the difficulty arose due to the nonstationary /stationary
behaviour of fractional differences of the observed process. Our proof strategy is similar to
that in Hualde and Nielsen (2020) in that it takes advantage of the competition between the
deterministic and stochastic components, although this is now more challenging because of
the arbitrarily large parameter space for v, and in particular because of the presence of a sec-
ond deterministic term. Specifically, the latter complicates matters substantially due to the
difficulties outlined in Section 2 and because dealing with the relative strengths of stochas-
tic and deterministic terms is now more involved.
For the asymptotic distribution theory we define b;(@y) = 21—t wi(po)dp;—i (o) /0P

and the matrix
_ /6 _Z;; b;' (o) /3
4= ( - 2;11 b; (o) /J Z;; b; (#o) b;' (#0) ) ’

which is the Fisher information for the parameter 7 under Gaussianity; see Dahlhaus (1989)
and Hualde and Robinson (2011). Also, we require an additional regularity condition.

A4. (i) 9 € int(2);

(ii) for all A, w(e™; ) is thrice continuously differentiable in ¢ on a closed neighbour-
hood N (¢p,) of radius € € (0,1/2) about ¢, and for all ¢ € N (¢p,) these partial
derivatives with respect to ¢ are themselves differentiable in A with derivative in
Lip(c) for 1/2 < ¢ < 1;

(iii) the matrix A is nonsingular.

Assumption A4 is identical to A4 in Hualde and Nielsen (2020). Tt is slightly stronger than

11
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A3 in Hualde and Robinson (2011). This strengthening seems necessary to obtain the bounds

. 2,
ap] (SO)‘ — O(jilig), sup 8 p](so) — O(jflfg)’
weN.(¢y) | O PeN.(pg) | OPi0p1
83pj(cp) 1—
sup |—————| =0 ), 23
eN. (o) | 00010y, G) (23)

where ¢ > 1/2 is given in A4(ii) and ¢; denotes the i-th element of ¢; see Hualde and
Nielsen (2020) for details. Again A4 is easily satisfied for ARMA models or the Bloomfield
(1973) spectral model. For the latter model, the analytical formulas for A, and hence for
the asymptotic variance matrix, simplify neatly; see Robinson (1994). In practical imple-
mentations, though, numerical derivatives of the objective function will typically be used.
To describe the asymptotic distribution, we introduce additional notation. Let I, and
0, denote the g-dimensional identity matrix and a g-vector of zeros, respectively, and define

2
00A  Op1 Opg

Pusr= diag(IpH,T‘SO_WH,T‘SO,T‘SO_%H log T") and W,5= ();hLl % )
7ﬁ
o, v
(24)
: do—y0+1 do—yo+1 U(z)A 0pt1
Py =diag(l,41,T ,T logT) and Wy = o . : (25)
p+1 B
where
(70—1)? 2 .92
- Ug 0 Bap™(1; )
Vs = < o200 2(Lipg) (3o~ 1)? > and vg = :
0 F2(1_p50)(7‘1p_025?)(3(,m_2§0)2 FZ(’VO - 50)(2<70 - 60) - 1)3

Theorem 2. Let x; be generated by (1), (2), and (12) with true values 9y and ¢, and let
Assumptions A1-A4 hold. Then, as T — oo:

(i.a) If vo —1/2 > &g and 6y < 1/2,

'B - 190 Ip+2 0p+2
TP, f—po | —d 0,42 1 Ny, (26)
/
B - BO 0p+1 _ﬂO 0

where N, g is a random variable distributed as N (0,43, J(Q)W;lﬁ).

9 -0 I

I A A ( s ) Ng, 27
or B — Bo ‘ 01/0—&-1 —Bo B (27)

where N g is a random variable distributed as N(0p2, 00 W 5').

(ZZ) If vo — 1/2 < 0o,
TY2(F —79) —a N(0py1, A7Y). (28)
If, in addition, 6y < 1/2, then for any e > 0,

fi— po = op (T®71/2%) (29)

12
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The asymptotic distribution results in Theorem 2 are divided into two main cases. In
Theorem 2(i) we first present the result for the strong deterministic trend case, v — 1/2 >
do. Here, the deterministic signal is sufficiently strong, relative to that of the stochastic
component, that we can prove joint asymptotic normality for the estimators ¥ and 5. Within
this case, we distinguish between 0y < 1/2, where we can also include jz, and 6y > 1/2 where
we cannot include . Whether i can be included or not, 9 and B retain identical properties.

In Theorem 2(ii) we present the result for the weak deterministic trend case, v9—1/2 < do.
In this case, we can obtain the asymptotic distribution for the estimator of the stochastic
component T only, but when &, < 1/2 we also prove consistency of i with rate 7/2=%%¢ for
any arbitrarily small e > 0. However, the estimator j is a complicated function of 7, whose
behavior is unknown in this case and indeed is not even consistent; see the discussion after
Theorem 1. Thus, deriving an asymptotic distribution result for fi in case (ii) with dy < 1/2
does not seem to be possible.

Theorem 2(ii) shows that, even in cases where the deterministic signal is not strong
enough for consistent estimation of 79 and [y (and possibly also ), the estimator of the
parameter characterizing the stochastic component, 7, has exactly the same limiting prop-
erties as in the strong deterministic trend case in Theorem 2(i.a). That is, the asymptotic
distribution result for 7 in Theorem 2 is unaffected by the relative strengths of the stochas-
tic and deterministic components. In particular, even when ~g, Sy, and po cannot be consis-
tently estimated, the asymptotic distribution of 7 is unaffected by their presence.

It is noteworthy that the asymptotic distribution of 7 is unaffected by the presence of
the deterministic component in (12), and 7 has the same asymptotic distribution as in, e.g.,
Theorem 2.2 of Hualde and Robinson (2011). Specifically, the variance A~" in the asymptotic
distribution of 7 in (26), (27), and (28) is equal to the inverse Fisher information under
Gaussianity; see Dahlhaus (1989). Because the estimate 7T is also asymptotically independent
of the remaining parameter estimates, it therefore follows that 7T is asymptotically efficient
under the additional assumption of Gaussianity, and this occurs regardless of the relative
strength of the deterministic and stochastic components.

More generally, Theorem 2 makes it possible to conduct inference on the model param-
eters, with the caveat that the joint asymptotic distribution of 19 i, and ﬁ given in (26)
as well as that of 9 and ﬁ given in (27) are both singular, which makes testing of joint
hypotheses on 9y and (3, impossible. However, separate inference can straightforwardly be
conducted on ¥y and fy. For example, it is straightforward given (26) or (27) to construct
confidence intervals and/or to test hypotheses such as vy = 2 (deterministic trend in z; is
linear) or dy = 1 (stochastic component is of the random walk-type).

To conduct inference on the model parameters using Theorem 2 a consistent estimate
of o2 is needed. To this end, consistency of the estimator 62 = Lr(9,¢), see (16), is
straightforwardly obtained using the methods in the proofs of Theorems 1 and 2.

Specifically, in view of the above comments, inference on the parameter 7o characterizing
the stochastic component can be conducted by means of likelihood ratio tests or Wald /¢ tests.
The former do not require estimation of the variance, whereas for the latter a consistent
estimate of the variance of 7 can be obtained by numerical evaluation of the Hessian matrix.
Because the (marginal) asymptotic distribution of 7 is the same across the different cases in
Theorem 2, and because the Hessian matrix is asymptotically block-diagonal in each case, it

13
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is a straightforward consequence of Theorem 2 that such likelihood ratio or Wald tests are
asymptotically y2-distributed and t-tests are asymptotically standard normally distributed.
Nonetheless, it may sometimes be of interest to determine which of the cases in Theorem 2 is
relevant in a given situation. Of course there are many ways of doing so, and in Section 4.2
we consider a stepwise testing procedure. R

We notice from (26) and (27) in Theorem 2(i) that 7 is 77°~%~1/2_consistent whereas (3
is only 770=%=1/2 /1og T-consistent. In fact, it can be shown that if v, were known, then the
least squares regression estimator of 3y would also be T70~%=1/2_consistent. Thus, there is a
(small) rate-of-convergence loss from having to estimate the power law parameter .

Finally, we also notice from (26) that, in the case where they are both consistently
estimable, 5 and 1 are asymptotically independent. This seemingly contradicts Robinson
(2012), who considers the weakly dependent case (6g = 0 known) with unknown power law
parameters. In contrast, we consider the power law parameter corresponding to 5 to be
unknown (), while the power law parameter corresponding to p is known (and equal to
one). This fundamental difference ensures that, compared with a situation in which the
power law parameter corresponding to p were unknown, fi converges at a rate log T faster,
and this in turn guarantees asymptotic independence from the coefficient estimate §. The
technical justification for this asymptotic independence result is given in (138).

4 Monte Carlo simulations

4.1 Parameter estimation

We investigate the finite-sample performance of our estimators of 79 and dy by means of a
simple Monte Carlo experiment. We generate the observable series z;,t = 1,..., T, from (12)
with u; = &; being an independent N (0, 1) sequence and T" = 64, 128,256. We fix g = 1
(results are virtually unaffected by the value of 1, so there is no loss of generality here)
and consider 09 = 0,1,2, By = —5,1,10, and 14 different values for vy given by vy — dp =
1.2,1.1,..., such that 79 # 1. Based on (12) and (13), it is tempting to think that results
should be invariant to &g as long as 79 — dp is kept fixed, but that is not the case. In fact,
for fixed vy — dy, results depend on §y in a subtle way, because whenever 7 is close to 1,
results are worse due to near-multicollinearity of m;(1) and m(70); see (12). We computed
8, 7 using the optimizing intervals & € [§ — 5,8y + 5] and v € [—4,0.99] U [1.01,6], and we
report Monte Carlo bias and standard deviation (SD) across 10,000 replications.

Results for Monte Carlo bias of & are presented in Table 1. Here, the performance of 5
reflects the asymptotic theory in Theorems 1 and 2. First, for all (dg, Yo, 50, 7') combinations
the bias is negative and it clearly decreases in absolute value as T' increases, even for the
boundary case vy — dyp = 1/2, which is not covered by our theory. Second, when the deter-
ministic signal gets stronger (so vy — do is higher) results are slightly worse. Third, for fixed
Yo — 0o, results are better for larger g because then 7y, is further away from 1, so that the
asymptotic multicollinearity problem is less noticeable. Finally, the results in this table are
basically unaffected by the value of f.

Monte Carlo SD results for ¢ are given in Table 2. These again reflect the asymptotic
theory and complement nicely the results in Table 1. As expected, the SD results improve
as T increases and are largely unaffected by the values of 7y, dg, and [p.

Next, results for Monte Carlo bias of 7 are presented in Table 3. As expected from the
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Table 1: Monte Carlo bias of &
Bo=—5 fo=1 Bo =10
Yo — 6o\ T' 64 128 256 64 128 256 64 128 256
Panel A: 6 =0
1.2 —0.159 —0.076 —0.039 —0.149 —-0.076 —0.039 —-0.160 —0.076 —0.039
1.1 —0.150 —0.073 —-0.038 —0.129 —0.066 —0.035 —0.154 —0.074 —0.038
0.9 —0.151 —-0.071 -0.037 —0.152 —-0.073 —0.031 —-0.151 —-0.070 —0.036
0.8 —0.143 —0.068 —0.035 —0.147 —-0.072 —0.037 —0.144 —-0.068 —0.035
0.7 —0.143 —0.066 —0.025 —0.145 —-0.070 —0.036 —0.138 —0.065 —0.029
0.6 —0.134 —-0.063 —-0.032 —0.142 —-0.069 —0.035 —-0.132 —0.063 —0.032
0.5 —0.128 —0.060 —0.031 —0.140 —-0.068 —0.035 —0.127 —0.060 —0.031
0.4 —0.122 —0.057 —-0.030 —0.138 —0.067 —0.034 —0.123 —0.057 —0.029
0.3 —0.116 —0.054 —-0.028 —0.136 —0.066 —0.034 —0.115 —0.055 —0.028
0.2 —0.110 —0.052 —0.026 —0.134 —-0.065 —0.034 —0.110 —0.052 —0.026
0.1 —0.104 —0.049 -0.025 —-0.132 —-0.064 —0.033 —0.104 —0.049 —0.024
0.0 —0.098 —0.046 —-0.024 —-0.131 —-0.063 —0.033 —0.098 —0.046 —0.023
—0.1 —0.093 —0.044 -0.023 —0.129 —-0.062 —0.032 —0.092 —0.043 —0.022
—-0.2 —0.087 —0.042 —-0.022 —0.128 —0.063 —0.032 —0.087 —0.041 —0.021
Panel B: 65 =1
1.2 —0.129 —-0.061 —-0.032 —0.128 —-0.062 —0.031 —-0.130 —0.061 —0.031
1.1 —0.127 —0.060 —-0.031 —-0.125 —-0.061 —0.031 —0.127 —-0.060 —0.031
1.0 —0.124 —-0.059 -0.030 —0.122 —-0.060 —0.031 —-0.125 —0.059 —0.030
0.9 —0.120 —0.057 —-0.030 —0.116 —0.058 —0.029 —-0.122 —-0.057 —0.029
0.8 —0.117 —0.055 —-0.029 —0.110 —0.055 —0.028 —0.118 —0.056 —0.028
0.7 —=0.113 —0.0563 —-0.027 —0.101 —-0.050 —0.026 —0.114 —0.053 —0.027
0.6 —0.108 —0.051 —-0.026 —0.092 —-0.046 —0.023 —-0.110 —0.051 —0.026
0.5 —0.088 —0.042 —-0.022 —0.098 —0.047 —0.021 —-0.049 —-0.036 —0.022
0.4  —0.087 —0.038 —0.018 —0.097 —0.047 —0.019 —-0.055 —0.028 —0.015
0.3 —0.085 —0.039 —-0.020 —0.075 —0.036 —0.018 —0.093 —0.043 —0.021
0.2 —0.074 —-0.035 —-0.017 —0.072 —-0.034 —-0.017 —0.083 —0.038 —0.019
0.1 —0.068 —0.032 —-0.016 —0.068 —0.032 —0.016 —0.072 —0.033 —0.016
—0.1 —0.095 —0.046 —0.023 —0.097 —0.047 —0.025 —0.091 —-0.042 —0.021
—-0.2 —0.089 —0.042 —-0.022 —0.096 —0.047 —0.024 —-0.076 —0.034 —-0.017
Panel C: §g =2
1.2 —0.114 —0.056 —0.030 —0.115 —-0.057 —0.030 —0.115 —0.056 —0.030
1.1 —0.111 —-0.056 —-0.029 —0.112 —-0.056 —0.029 —-0.112 —-0.055 —0.029
1.0 —0.108 —0.054 —-0.028 —0.109 —-0.054 —-0.028 —-0.109 —0.053 —0.028
0.9 —0.104 —0.052 —-0.027 —0.103 —0.052 —0.027 —0.105 —0.051 —0.027
0.8 —0.099 —0.049 —-0.026 —0.095 —0.049 —-0.026 —0.100 —0.049 —0.026
0.7 —=0.097 —0.046 —-0.024 —0.087 —-0.044 —0.023 —-0.095 —0.047 —-0.024
0.6 —0.091 —-0.043 —-0.023 —0.080 —0.039 —0.020 —0.089 —-0.044 —0.023
0.5 —0.085 —0.040 —-0.021 —-0.076 —0.037 —0.018 —0.083 —0.041 —0.021
0.4 -0.079 —-0.032 -0.015 —-0.074 —-0.036 —0.016 —0.078 —0.037 —0.019
0.3 —0.069 —0.033 —0.017 —0.060 —0.029 —0.014 -—-0.063 —0.034 —0.017
0.2 —0.063 —0.029 —-0.015 —0.054 —-0.026 —0.013 —0.066 —0.032 —0.015
0.1 —0.056 —0.025 —0.013 —0.049 —-0.023 —0.012 —-0.058 —0.028 —0.013
0.0 —0.050 —0.022 —-0.011 —-0.044 -0.021 —-0.011 —-0.051 -0.025 —0.011
—-0.1 —0.044 —-0.020 —-0.010 —0.040 —-0.019 —0.010 —0.045 —0.022 —0.010

Note: Based on 10,000 Monte Carlo replications.
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Table 2: Monte Carlo standard deviation of §
Bo=—5 Bo=1 Bo =10
Yo — 6o\ T' 64 128 256 64 128 256 64 128 256
Panel A: 6 =0
1.2 0.158  0.092 0.059 0.162 0.092 0.059 0.158 0.092  0.058
1.1 0.157  0.091  0.059 0.160 0.094 0.060 0.158 0.092  0.058
0.9 0.157  0.091  0.059 0.1563 0.091 0.059 0.156  0.092  0.058
0.8 0.157  0.091  0.058 0.156  0.091  0.059  0.158  0.091  0.058
0.7 0.157  0.090 0.059 0.156  0.092 0.059 0.155  0.090 0.061
0.6 0.154  0.089 0.058 0.156  0.092  0.059 0.154  0.090  0.058
0.5 0.153  0.089 0.058 0.156  0.092  0.059 0.153  0.090 0.057
0.4 0.152  0.088  0.0568 0.156  0.092  0.059 0.150  0.090 0.057
0.3 0.150  0.088  0.057 0.156  0.091  0.059 0.150  0.088  0.057
0.2 0.149  0.087  0.057 0.156  0.092  0.059 0.149 0.088  0.056
0.1 0.148 0.087 0.056  0.156  0.092  0.059  0.147  0.087  0.056
0.0 0.146  0.086  0.056  0.157  0.092  0.059 0.145 0.086  0.056
—0.1 0.144  0.086  0.056  0.157  0.092 0.059 0.143 0.085  0.055
—-0.2 0.142  0.085 0.055  0.157 0.092 0.059 0.140 0.085  0.055
Panel B: 65 =1
1.2 0.149  0.089 0.058 0.151  0.088  0.067 0.150  0.089  0.057
1.1 0.149  0.088 0.0568 0.151  0.088  0.057 0.150  0.089  0.057
1.0 0.149  0.088 0.058 0.1563 0.088 0.056  0.149 0.089  0.057
0.9 0.150  0.089  0.057 0.156  0.089  0.067 0.149 0.089  0.057
0.8 0.147  0.088  0.057  0.159  0.091  0.057 0.148 0.089  0.057
0.7 0.147  0.088  0.057 0.160 0.092  0.058 0.147 0.089  0.057
0.6 0.147  0.088  0.057  0.158  0.091  0.059  0.147  0.088  0.057
0.5 0.175 0.099 0.061 0.157 0.091 0.058 0.215 0.113 0.061
0.4 0.157  0.093  0.060  0.149 0.088 0.058 0.183  0.107  0.066
0.3 0.149  0.089  0.057  0.153  0.089  0.057 0.146  0.088  0.056
0.2 0.149  0.088  0.057 0.1563 0.089  0.0567 0.146  0.088  0.056
0.1 0.150  0.089  0.057  0.151  0.088  0.057  0.147  0.089  0.056
—-0.1 0.146  0.088  0.057  0.149 0.088  0.057 0.147  0.088  0.057
—-0.2 0.145 0.088  0.057 0.149 0.088 0.0567 0.143 0.086  0.055
Panel C: §g =2
1.2 0.142  0.088 0.056  0.144 0.088  0.056  0.144 0.088  0.057
1.1 0.143  0.088  0.057 0.145 0.088 0.056 0.145 0.088  0.056
1.0 0.142  0.088  0.057  0.147 0.088  0.0567 0.145 0.088  0.056
0.9 0.142  0.088  0.057 0.149 0.089  0.057 0.145 0.088  0.056
0.8 0.142  0.087 0.056  0.152 0.089  0.057 0.145 0.087  0.057
0.7 0.144  0.087 0.056  0.1563  0.092  0.058 0.144 0.086  0.056
0.6 0.143  0.087 0.056  0.150  0.092  0.058 0.143 0.085  0.056
0.5 0.142  0.086 0.056  0.146  0.090 0.057 0.141  0.085  0.056
0.4 0.140  0.092 0.060  0.144 0.089  0.057 0.140 0.084  0.056
0.3 0.138 0.084 0.055 0.146 0.088  0.056  0.152  0.084  0.055
0.2 0.138  0.083 0.055  0.141  0.087 0.056  0.137  0.083  0.055
0.1 0.135 0.082 0.054 0.139 0.085 0.055 0.134  0.082  0.054
0.0 0.133  0.081  0.054 0.139 0.084 0.055 0.131  0.081  0.054
—-0.1 0.131  0.080 0.053 0.133 0.083 0.0564 0.128  0.080  0.053

Note: Based on 10,000 Monte Carlo replications.
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Table 3: Monte Carlo bias of ¥
Bo = —5 fo=1 Bo = 10
Yo — do\T' 64 128 256 64 128 256 64 128 256
Panel A: 6o =0
1.2 0.007  0.003 0.001 0.237 0.125 0.039 0.002 0.001  0.000
1.1 0.083 0.033 0.011  0.065 0.104 0.204 0.020 0.005  0.003
0.9 0.239 0.176  0.116  0.194 0.011 —-0.065 0.075  0.053  0.042
0.8 0.069 0.026 0.011  0.280 0.078 0.082  0.010 0.006  0.002
0.7 0.031  0.013 0.087 0.340 0.161 0.138 0.005  0.003 0.016
0.6 0.022  0.008 0.005 0.398 0.211  0.157  0.003  0.002  0.001
0.5 0.016  0.0056  0.002 0.454 0.311  0.178 0.002  0.001  0.000
0.4 0.011  0.001  0.001 0.533 0.358 0.225  0.002 0.001  0.000
0.3 0.005 —0.003 —0.004 0.608 0.409  0.300  0.000  0.000 —0.002
0.2 0.001 —0.007 —0.009  0.652 0473 0.360 —0.001 —0.001 —0.003
0.1 —0.003 —0.009 —0.013  0.742 0.560 0.460 —0.002 —0.002 —0.004
0.0 —0.006 —0.011 -—-0.015 0.833 0.628 0.560 —0.003 —0.003 —0.005
—0.1 —-0.008 —0.011 —-0.014 0.904 0.731  0.630 —0.003 —0.003 —0.005
—0.2 —0.009 —-0.012 —0.013  0.941 0.787  0.689 —0.004 —0.003 —0.005
Panel B: 65 =1
1.2 0.000  0.000  0.000 0.005 0.001 0.001 0.000 0.000 0.000
1.1 0.000  0.000  0.000  0.006 0.003 0.001 0.000 0.000 0.000
1.0 0.000  0.000  0.000 0.001 0.006 0.005 0.000 0.000 0.000
0.9 0.000  0.000  0.000 —0.023 0.005  0.007  0.000  0.000  0.000
0.8 —0.001 0.000 0.001 —0.067 0.011 0.019 0.000 0.000  0.000
0.7 —-0.014 0.001 0.002 —-0.171 —-0.079  0.008 —0.001  0.000  0.001
0.6  —0.051 —-0.009 0.001 —-0.263 —0.268 —0.196 —0.107 —0.012  0.001
0.5 —0.132 —0.056 —0.029 —-0.294 —-0.354 —0.370 —0.145 —-0.041 —0.009
04 —0.213 —-0.187 —0.168 —0.229 —-0.334 —-0.373 —0.185 —0.109 —0.060
0.3 —0.255 —-0.276 —0.303 —0.134 —-0.239 -0.316 —0.249 —-0.201 —-0.181
0.2 —0.136 —0.186 —0.272 —0.030 —0.139 —0.190 —0.328 —0.291 —0.283
0.1 0.031 —0.028 —0.113  0.094 —-0.038 —0.099 —-0.143 —-0.167 —0.194
—0.1 0.196 0.146  0.036  0.280 0.123  0.119  0.067 —-0.028 —0.027
—0.2 0.173  0.130 0.040 0.361  0.221  0.203 —0.097 —-0.143 —0.109
Panel C: §p =2
1.2 0.000  0.000  0.000 0.002 0.002 0.001 0.000 0.000 0.000
1.1 0.001  0.000  0.000 0.002 0.004 0.001 0.000 0.000 0.000
1.0 0.001  0.000  0.000 —0.005 0.008 0.003 0.000 0.000 0.000
0.9 0.001  0.001  0.000 —0.032 0.009 0.008 0.000 0.000 0.000
0.8 0.002  0.001  0.000 —-0.107 —0.015 0.010 0.001  0.000  0.000
0.7 0.002  0.001  0.001 —-0.288 —0.138 —0.049 0.001  0.000  0.000
0.6 0.002  0.001 0.001 —-0.510 —0.438 —0.324  0.001  0.000  0.000
0.5 0.000  0.000  0.000 —0.641 —-0.692 —-0.643 0.001  0.000  0.000
0.4  —0.006 —0.043 —0.0564 —0.728 —0.802 —-0.794  0.000 —0.001 —0.002
0.3 —0.024 -0.021 -0.019 —-0.704 —-0.811 —-0.833 —0.034 —0.002 —0.002
0.2 —0.048 —0.046 —0.046 —-0.667 —0.760 —0.792 —0.004 —0.006 —0.004
0.1 —0.087 —0.086 —0.080 —0.594 —-0.695 —0.709 —0.007 —0.011 —0.008
0.0 —-0.133 —-0.141 -0.137 —0.506 —0.605 —-0.614 —0.011 —-0.016 —0.013
—0.1 —0.181 —0.195 —0.199 —-0.403 —-0.519 —0.528 —0.017 —0.022 —0.018

Note: Based on 10,000 Monte Carlo replications.
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Table 4: Monte Carlo standard deviation of 4
fo=—5 Bo=1 Bo =10
Yo — 6o\ T' 64 128 256 64 128 256 64 128 256
Panel A: 6 =0
1.2 0.121  0.069  0.041  1.528 0.640 0.235 0.060  0.034  0.020
1.1 0.458 0.183  0.107  2.765 2403 1.789  0.147  0.087  0.055
0.9 1.399  0.793 0.373 2989 2927  2.798  0.281 0.145 0.101
0.8 0.463 0.242  0.138 2.852 2732 2,601 0.130 0.087  0.063
0.7 0.258  0.168  0.184  2.793 2.696 2.602 0.099 0.070  0.084
0.6 0.228  0.146  0.117  2.778 2713 2.689  0.087  0.065  0.051
0.5 0.225  0.147  0.109  2.795 2788 2769  0.082  0.064  0.052
0.4 0.209 0.156  0.129  2.817 2821 2.822  0.080 0.065 0.055
0.3 0.218 0.173  0.155  2.837 2818 2.859  0.081  0.069  0.060
0.2 0.220  0.189 0.163  2.847 2.855 2853 0.084 0.074  0.068
0.1 0.225 0.213  0.185  2.839 2848 2.848 0.089 0.081  0.076
0.0 0.251  0.242  0.209 2.837 2821 2826 0.094 0.088  0.085
—0.1 0.270  0.262  0.227  2.832 2807 2.802 0.100  0.095  0.093
—0.2 0277 0.261 0.249 2816 2788 2777 0.1056  0.101  0.100
Panel B: 05 =1
1.2 0.018 0.011  0.006 0.096 0.0564 0.032 0.009 0.005 0.003
1.1 0.023  0.015 0.009 0.179 0.075 0.047 0.012  0.007  0.005
1.0 0.030 0.020 0.013 0.317 0.107  0.069 0.015 0.010  0.007
0.9 0.039  0.027 0.019 0.563 0.254 0.101  0.020 0.014 0.010
0.8 0.107  0.038  0.028 1.145 0.676 0327 0.026 0.018 0.014
0.7 0.294  0.055 0.040 1.826 1.514 1.140 0.070  0.064  0.020
0.6 0.552  0.254  0.115 2362 2310 2.161  0.555  0.183  0.030
0.5 0.925 0.682  0.515  2.757 2756  2.738  0.674  0.360  0.182
0.3 2.025 2.020 2.035 3.037 3.052 3.063 1.164 1.038  0.976
0.2 2.602 2625 2.689 3.083 3.097 3.087 1.770  1.753  1.788
0.1 2984 2993 3.042 3.097 3.111  3.108 2.672  2.695 2.721
—0.1 3.002  3.017 3.050  3.098 3.112  3.118  2.725  2.753  2.745
—0.2 2,756  2.771  2.803  3.085 3.106  3.103  1.950 1.946  1.932
Panel C: §p =2
1.2 0.017  0.010 0.006 0.123 0.052 0.032 0.008 0.005 0.003
1.1 0.021  0.014 0.009 0.231 0.070 0.046 0.011  0.007  0.005
1.0 0.027  0.019 0.013 0.363 0.097 0.065 0.013  0.009  0.006
0.9 0.032 0.024 0.017 0.596 0.241  0.093 0.016 0.012  0.009
0.8 0.039 0.030 0.023 1.037 0.568 0.237 0.019 0.015 0.012
0.7 0.048 0.037 0.030 1.607 1.226 0.889  0.023 0.019 0.015
0.6 0.059  0.047 0.039 2167 2033 1.877 0.028 0.023 0.019
0.5 0.092  0.077  0.055  2.568 2577 2546  0.035  0.030  0.026
0.4 0.149 0325 0.329 2.804 2866 2.866 0.045 0.040 0.062
0.3 0.247  0.226  0.169 2916 2981 3.002 0.216 0.054  0.051
0.2 0.376  0.350  0.303  2.984 3.028 3.062 0.083  0.076  0.073
0.1 0.527  0.507  0.451  3.025 3.063 3.077 0.111  0.105  0.102
0.0 0.675 0.695 0.643 3.0563 3.072 3.093 0.145 0.140  0.137
—0.1 0.806  0.842  0.822  3.060 3.084 3.096 0.186  0.185  0.181

Note: Based on 10,000 Monte Carlo replications.
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asymptotic theory in Theorems 1 and 2, the behaviour of 7 is qualitatively different from
that of §. When vy — 09 < 1/2, 7 is not consistent, and the bias is generally large (in
absolute value) and does not decrease as T increases. This is, to some extent, mitigated for
Bo = —5 and By = 10, where the coefficient on the deterministic trend is so large that the
theoretically dominant stochastic component appears to be hidden in finite samples. On the
other hand, when o — 09 > 1/2 the bias is generally very small and decreases as vy — dg
increases, reflecting the fast convergence rates in those cases implied by Theorem 2. This
effect is weaker when &y = 0, where vy — &g > 1/2 implies that -, is relatively close to 1, and
the asymptotic multicollinearity clearly worsens the bias of the 7 estimates.

The Monte Carlo SD results for 7 are presented in Table 4. Again, these results are
clearly in line with the predictions from asymptotic theory, and are qualitatively different
from the SD results for ¢ in Table 2. For 79— dp < 1/2, the SD is large and does not seem to
decrease for larger values of T'. The latter is seen regardless of the value of 3;. On the other
hand, for vy — dy > 1/2, the SD clearly decreases as either T" or vy — &y increases, although
the results are relatively poor for Sy = 1,69 = 0, due to the asymptotic multicollinearity
problem. As was the case with the bias in Table 3, the SD is clearly smaller for 5y = —5 or
Bo = 10 compared with By = 1, reflecting the fact that the deterministic trend is easier to
detect when its coefficient is larger in magnitude.

4.2 Testing procedure

Although parameter estimation and inference is straightforward using the results in Theo-
rem 2, and for the parameters of the stochastic component it is not necessary to know which
of the cases covered by Theorem 2 applies in any given situation. Nonetheless, it may some-
times be of interest to discern which case applies and, additionally, given that vy = 1 leads
to an identification problem, check whether the data support this possibility. Clearly, there
are many possible ways of doing so, and we propose here a stepwise testing procedure. We
do not pursue a formal analysis, which would involve very lengthy repetitions of techniques
already developed in the proofs of Theorems 1 and 2, but instead illustrate the finite sam-
ple behavior by means of a small Monte Carlo simulation experiment. Our proposed testing
procedure is as follows.

Step 1. Test Hy : g = 1/2 against H{ : 6y < 1/2 in model (12). Rejection of Hj favors the
possibility that pg can be consistently estimated. This test is simple to implement because
we conjecture that our proposed estimator § derived from (19) has property (28) even in
the case where 79 = 1. Assuming this conjecture is true, testing Hj by means of a t-test is
immediate. If H} is rejected, we proceed to Step 2, and if it is not then we proceed to Step 3.

Step 2. Test HZ : By = 0 against H? : Sy # 0 in model (12). The result from Step 1
suggests that o can be consistently estimated, so, noting (12), it is crucial to determine
whether 79 = 1 or 79 # 1. Nicely, the null 7y = 1 is equivalent to Sy = 0 because both
conditions lead to models that are observationally equivalent. Testing Hj : Sy = 0 against
H? : By # 0is possible although v is not identified under the null. This is a classical problem
in the hypothesis testing literature and several solutions have been provided (e.g. Hansen,
1996). We follow an LM approach. Let (7, 1) denote the restricted estimator that imposes
HZ, and let vp € [0y, 1 — k] U [1 + K, s be a fixed number. Define the LM statistic

T aLT(;fYF:ﬁvO) < aQLT(;a’YFnEvO) )_1 8LT(;77F’ZI’ O)
202 O(7',p, B) o(t', u, B)O(T', 1, B) ot )

LM(’VF) =

19
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where 62 = Lp(T,7r, 11,0). We conjecture that, as T — oo,
LM (vr) =4 X3 under H;. (30)

Another possibility is to consider the supremum over 7 instead of a fixed v, which would
imply a nonstandard null limit distribution (e.g. Hansen, 1996). Our small Monte Carlo
experiment will rely on (30) for a fixed yr. Additional, unreported Monte Carlo simulations
suggest that results are relatively invariant to the choice of vz and also that LM (yr) only
has power if 79 — 1/2 > &y. This makes sense because if if 79 — 1/2 < &y then the second
term on the right-hand side of (12) is drowned by the stochastic component so it would be
irrelevant whether 5y = 0 or 5y # 0. This is useful because rejection using LM (yr) then
favors the possibility that the generalized trend can be estimated consistently, whereas non-
rejection suggests that the generalized trend is irrelevant (either because Sy = 0 or because
the trend is weak).

Step 3. Test HY : vo — 1/2 = & against H} : 9 — 1/2 > dp in model (12) under the
restriction that p = 0. Because Step 1 suggests that pgy cannot be consistently estimated,
we omit the drift from the analysis and in this step we check whether the generalized trend
is strong. The test can be implemented as described in Hualde and Nielsen (2020).

Step 4. The outcomes of the tests in Steps 2 and 3 have the following implications.

M1: If H? is rejected then all model parameters can be estimated by (19) and (Aﬁ

M2: If HZ is not rejected then we either employ (19) and &\5 (ignoring the estimates of [y
and 7p), or we may use a simplified model that imposes 5 = 0.

M3: If HJ is rejected then f3y, 70, and 7o can be consistently estimated. We either employ
(19) and ¢ (ignoring the estimate of pg), or we may use a simplified model that
imposes p = 0.

M4: If H is not rejected then only 7o can be consistently estimated. We either employ
(19) and b (ignoring the estimates of pg, 5o, and 7g), or we may use simplified versions
of it in which we remove one or both deterministic components (and possibly ignoring
estimates of the deterministic structure).

Summarizing, the outcome of the test procedure is one of M1,... ,M4. As usual in model
specification, we note that wrongly removing a component from the model renders all re-
maining estimates inconsistent. In the present context, Theorem 2 shows that retaining all
deterministic components has no adverse effect asymptotically, in terms of efficiency or oth-
erwise, on the estimation of the parameters associated with the stochastic component. This
suggests that a conservative approach of always estimating the full model (12), including all
deterministic components, is appropriate in most circumstances, while being careful in the
interpretation of the parameters associated with the deterministic components. Nonetheless,
we consider next the finite-sample properties of the above testing procedure.

Table 5 presents the proportion of cases (out of 10,000 replications) in which the stepwise
testing procedure selects the different situations characterized by M1,... ,M4. As before, the
observable series z;,t = 1,..., T, was generated from (12) with u; = €; being an independent
N(0,1) sequence, and we present results for T = 64,256, uo = 5y = 1, 6 = 0,0.4,0.6, 1,
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Table 5: Monte Carlo selection frequencies of testing procedure
(50 =0 50 =04 50 =0.6 (50 =1.0
Y — 0o  Model \T 64 256 64 256 64 256 64 256
1.6 M1 0.999 1.000 0.468 0.526 0.090 0.002 0.000 0.000
1.6 M2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
1.6 M3 0.001  0.000 0.503 0474 0.862 0.998 0.942 1.000
1.6 M4 0.000 0.000 0.029 0.000 0.048 0.000 0.058 0.000
14 M1 0.998 1.000 0.454 0.528 0.091 0.001 0.000 0.000
14 M2 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
14 M3 0.001  0.000 0.480 0.472 0.804 0.999 0.863 1.000
14 M4 0.001 0.000 0.066 0.000 0.105 0.000 0.137 0.000
1.2 M1 0.737 1.000 0.439 0.519 0.085 0.001 0.000 0.000
1.2 M2 0.256  0.000 0.000 0.000 0.000 0.000 0.000 0.000
1.2 M3 0.003 0.000 0.418 0481 0.695 0.999 0.702 1.000
1.2 M4 0.004 0.000 0.143 0.000 0.220 0.000 0.298 0.000
1.0 M1 0.104 0.077 0.409 0.508 0.080 0.001 0.000 0.000
1.0 M2 0.893 0.923 0.002 0.000 0.000 0.000 0.000 0.000
1.0 M3 0.000 0.000 0.283 0486 0.457 0.984 0.422 0.973
1.0 M4 0.003 0.000 0.306 0.006 0.463 0.015 0.578 0.027
0.8 M1 0.180 0.221 0.171 0.296 0.067 0.001 0.000 0.000
0.8 M2 0.816 0.779 0.197 0.182 0.006 0.000 0.000 0.000
0.8 M3 0.000 0.000 0.105 0.287 0.177 0.534 0.151 0.428
0.8 M4 0.004 0.000 0.527 0.235 0.751 0.465 0.849 0.572
0.6 M1 0.183 0.161 0.076  0.065 0.033 0.001 0.000 0.000
0.6 M2 0.813 0.839 0.274 0.406 0.028 0.000 0.000 0.000
0.6 M3 0.000 0.000 0.028 0.036 0.045 0.054 0.039 0.029
0.6 M4 0.004 0.000 0.622 0.503 0.894 0.945 0.961 0.971
04 M1 0.147  0.100 0.086  0.066 0.026  0.000 0.000 0.000
0.4 M2 0.850 0.900 0.273 0.392 0.039 0.001 0.000 0.000
0.4 M3 0.000 0.000 0.010 0.008 0.015 0.025 0.030 0.056
0.4 M4 0.003 0.000 0.631 0.534 0.920 0.974 0.970 0.944
0.0 M1 0.107 0.076  0.081 0.059 0.029 0.000 0.000 0.000
0.0 M2 0.888 0.924 0.271 0.397 0.033 0.001 0.000 0.000
0.0 M3 0.000 0.000 0.002 0.003 0.023 0.051 0.050 0.098
0.0 M4 0.005 0.000 0.646 0.541 0.915 0.948 0.950 0.902
—-0.4 M1 0.110 0.077 0.074 0.054 0.029 0.000 0.000 0.000
—04 M2 0.887 0.923 0.261 0.400 0.029 0.001 0.000 0.000
—-0.4 M3 0.000 0.000 0.002 0.002 0.017 0.043 0.038 0.067
—-0.4 M4 0.003 0.000 0.663 0.544 0.925 0.956 0.962 0.933

Note: Based on 10,000 Monte Carlo replications. Bold entries denote proportions of correct selections.

and 9 different values for o given by 79 — 09 = 1.6,1.4,1.2,...,0.4,0.0,—0.4. Numbers
reported in bold correspond to proportions of correct choices. All tests were implemented
with nominal size 0.05 and we fix vz = 2 in Step 2.

Overall, the behaviour of the testing procedure seems satisfactory. The results generally
improve as T increases and correspond to what theory predicts. As expected, the correct
identification of a strong trend (when g — dp > 1/2) is easier for larger values of vy — dg
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and worsens substantially when v9 — &g < 1. This has to do with the relatively low power of
Hualde and Nielsen’s (2020) one-sided LM testing procedure for Hj against H? when o — &g
is close to 1/2, and our results here are in line with theirs. Additionally, the test of H}
against H| shows low power when d; = 0.4, which is certainly an adverse situation, though
results improve as T' increases.

5 Concluding remarks

We have proposed a parametric time series model that includes both a fractional stochastic
component as well as a fractional deterministic component. The stochastic component is
a fractionally integrated process driven by a memory parameter, §, combined with a linear
short-memory process. The deterministic component consists of the sum of a constant term
and a flexible deterministic trend. The latter is fractional in the sense that it is defined
using the same fractional coefficients as the fractional integration operator in the stochastic
component, and similarly to the memory parameter ¢, the deterministic trend is characterized
by a power law parameter v. Both the memory and power law parameters are assumed
to lie in sets which can be arbitrarily large. Thus, our model may display many different
behaviours, including various types of dependence (antipersistency, weak dependence, long
memory) and very flexible deterministic trend functions.

Compared with our earlier work in Hualde and Nielsen (2020), there are three main
differences in this paper. First, in this paper we apply the fractional coefficients directly to
model the deterministic component instead of the approximation given by powers of t. As
argued in the Introduction, the former are much more natural in a fractional context. Second,
as a consequence of using the fractional coefficients to model the deterministic trend, we are
able to relax the assumption v > 0 on the power law parameter required by Hualde and
Nielsen (2020). Instead, we allow the power law parameter to lie in any (arbitrarily large)
compact interval. Third, we include an additional deterministic term such that we have
both a constant/level and a trend. This complicates our analysis substantially, but clearly
makes the model much more applicable in practice and also has the potential to alleviate bias
arising from non-zero initial conditions in the Type II context (Johansen and Nielsen, 2016).

Our asymptotic results depend crucially on the relative strengths of the stochastic and de-
terministic components, as measured by the memory and power law parameters. Specifically,
when the deterministic signal is sufficiently strong, that is if 79 — dg > 1/2 (6o < 1/2), the
trend parameters v and 5y (and level parameter 1) can be consistently estimated and their
estimators are asymptotically normal. When the deterministic signal is weak, the parameters
corresponding to the deterministic components (except g if 09 < 1/2) cannot be consistently
estimated. Remarkably, the asymptotic results for estimator corresponding to the stochastic
part of the model (i.e., T) are identical to those achieved in the simpler, purely stochastic,
setting of Hualde and Robinson (2011), and are unaffected by the presence of the determin-
istic component, whether the parameters of the latter can be consistently estimated or not.

There are several interesting issues which have not been addressed in the present paper,
but which will the object of future research. First, a semiparametric approach which focuses
on estimating vy and Jy (and possibly ) without making parametric assumptions about
the short-memory structure of z; seems possible. Second, the fractional process which char-
acterizes our model is Type II, and it would be of interest to determine whether our theory
could also be developed for a Type I fractional process.
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6 Proofs of theorems

Throughout, € will denote a generic arbitrarily small positive constant, and K a generic
arbitrarily large positive constant.

We note from the outset that many steps of the proofs are affected by the asymptotic
behaviour of

(ﬁé)ctfl(l - 57 Yo — 57 410) = ﬂOthl(l - 67 (‘0) + ﬁothl(’YU - 57 90)7 (31)

which, depending on the values of vy and p, is dominated by either the first or the second
term on the right hand side of (31). Recalling that v, € [[0;,1 — &] U [1 + &, 5] and also
that if 79 — 1/2 > do then By # 0 (see Assumption A3), there are two cases. When py = 0
or pg # 0,7 > 1+ K, the second term dominates, whereas if py # 0,7 < 1 — k, the first
term dominates. We will give the proof for the former case. The proof for the latter case
(o # 0,77 < 1 — k) is very similar, just adapting many of the steps in the proof below and
also some of the lemmas to the case where the first term in (31) is the dominant one, which
mainly implies that “1” takes the role of “yy” in many parts of the proof.

6.1 Proof of Theorem 1(i): the v, —1/2 > ¢, case
Fixe >0and let M. = {9 €=: |1 -7l <c}, M. = {9 € Z: ||t —7¢|| > ¢}, N. =
{(9€Z:|y—|<ectand N, = {9 € Z: |y — 1| > ¢}. Then Pr(||9 — 9|| > ¢) — 0 as
T — oo is implied by
Pr('lA9 €M.)—0asT — oo, (32)
Pr(9 € N.NM.) — 0 as T — . (33)
Strictly, € should be £/4/2 in (32) and (33), but since ¢ is arbitrary this is irrelevant and
we continue without the v/2 factor. In (32) we prove consistency of 7, uniformly in 7. In
(33) we prove consistency of 7, given that 7 is consistent and hence that 7 lies in a small

neighborhood of 7.
Noting that from (13),

p(L; p)a1(0) = dper-1(1 = 0,7 — 0,) + p(L; p)us(0 — do), (34)
we decompose the objective function as Ry (9) = T! Zle(dt(ﬂ) + s¢(19))* with
di(9) = ¢pei-1(1 = 0,7 — 0, ¢)

T
- h’;fl,T(1 — 0,7 —9, 30) Z hj*LT(l — 0,7 — 0, Qo)qbé)cj*l(l —0,7% — 0, 90)7 (35>

j=1

23

T
$i(9) = p(Li @)u(6 — 50) = By (1= 6.7 = 5,0) S 101 = 5,5 — 6, 9)p(Li @)y (5 — ).

i=1

(36)

defining also the coefficient

T ~1/2
hir(di,dz, ) = (Z cj-1(dy, da, 90)03_1(d17d27 90)) ci(dy, do, ), (37)
j=1
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which clearly satisfies 31, hy_1.7(dy, da, ©)hi_i r(di,dy, ) = L.

As in Hualde and Nielsen (2020) the strategy of proof exploits the different orders of
magnitude of the stochastic term s;(1) and deterministic term d;(d¥) in Rp(¥9) in different
parts of the parameter space. Dealing with (32) and (33) allows us to consider separately
the case where T is “far” from 7 (that is, M.) and the case where 7 is “far” from 7, (that
is, N.). Two important technical problems are that (a) when v = 7, then d;(9) = 0 and (b)
when § is “far” from Jy then uy(6 — dp) may change from stationary to nonstationary. Both
these features complicate greatly the treatment of (32) where v = = is admissible. In (33)
neither of these problems appear, and in that sense the proof of (33) is simpler than that of
(32). Hence, we first give the proof of (33).

6.1.1 Proof of (33)

Let Rr(7,v) = Rr(9), di(T,7) = di(9), and s;(7,7) = s:(9) = su(7) — s(¥) with
s1¢(T) = p(L; @)uy(6 — &) and

T
s2u(T.7) = su(®) = hy 1 7(1—=6,7=0,0) Y hj1r(1—0,v—0,¢)s;(7);  (38)
j=1
see (36). Thus, because S by 1 (1 — 8,7 — 4, @)l (1 —0,7—9,¢) = I by (37),

T 2

ST 39) = 3 sulr)su(®) =

t=1

T

Z s1j(T)hj—1r(1 — 8,7 — 0, )

J=1

Because S, dy(9)e,1(1 — 8,7 — 8,) = 0, it holds that

Zdt(ﬂ) Zdt p(L; @)uy(6 — &), (39)

where p(L; @)ur(d — dp) = Z;;E ¢;j(60 — 0, ¢)us—;. Therefore,
1T 1 T
= def(ﬁ) + fzsft(ﬂ

Zslj j lT 577_5790)

+ % > di(9)s(T). (40)

Clearly, in view of (32) and for T sufficiently large, 9 € N.N M. is equivalent to
infyerw . Rr(¥9) < infyen.nn. Rr(9). Because Rp(d9) is continuous in 7 and M, is com-
pact, the infimum over N, N M. is attained for 7 and denoted 7, and it follows that
infycw.n. Br(9) = inf 5 Rr(7T,7). Furthermore, it clearly holds that infyen,nar, Rr(9) <
inf,en. Rr(T,7) < Rr(T, 7). Combining these inequalities we find that

o~

Pr(¥ € N.N M.) = Pr ( inf Rp(d9)— inf Rp(9)< 0)

YENNM, YENNM;,

< Pr ((inf Rr(7.7) ~ Fa(F20) 0) (41)

YEN
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Recalling that d;(7,7) = 0, we obtain a useful cancellation of terms and find

T
N N 1 N
RT("'»V) - RT<7-770) = T Zﬁ("’ Z dt Slt
t=1

[M]=

1 ~
T 51;(T)hj_10(1 — 0,7 — 4, ¢)

1

J

Slj(?)hj—LT(l —68,7% —9,¥)

+
N[ =
.M'ﬂ

1

J

Thus, (33) holds if

lim  inf Z d2(9 (42)

T—00 9N .NM. T2(vo 8)—

o T 5) - Z dy(9)s1:(T)| = 0,(1), (43)
1 d :
sup T2(r0—0)—1 Z sij(T)hj1r(1—6,7 —0,)|| = 0p(1), (44)
YeN-NM, j=1

noting the change in the normalization compared with (41) (72(0=%)=1 instead of T'), which
is justified because the right-hand side of the inequality inside the probability in (41) is 0,
so multiplying the left- and right-hand sides of the inequality by a positive number does not
alter the probability.

First, (42) follows from Lemma 2, noting that in N.NM,, 79—& > vo—&y—e > 1/2 setting
¢ small enough. Next, letting both ¢ and @ be sufficiently small and noting that in N, N M.,
§o — 6 > —¢, the left-hand side of (43) is O, (T1/?+0—0+50+e) = op( ) by (150) of Lemma 4.
Finally, by (187) of Lemma 18 the left-hand side of (44) is O, (T—200=%=1/2=6=8)y — 4 (1),
to conclude the proof of (33).

6.1.2 Proof of (32)

To prove (32) we use
Pr(9 € M.) = Pr( inf Rp(9) < inf RT(ﬂ)) < Pr( inf Sp(9) < o) . (45)
9eM. de M, 9eM.

where Sr(19) = Rr(9)—Rr(9). Fix an arbitrarily small > 0 such that n < (y9—do—1/2)/2
and suppose that 371 < dp—1/2—n and v/5 > v9—1—n. Our proof will cover trivially the sit-
uation where any of these conditions does not hold, in which case some of the steps below are
superfluious. Let Zy = {0 : 71 <6 <dp—1/2—n}, Iy ={0 : 60— 1/2 —n < § < 69 — 1/2},
Iy ={0:00—1/2<6< 6 —1/24n}, Ty ={0:600—1/24n <0<~y —1—n}, and Z; =
{6:79 —1—n<d <>}, noting that the upper bound for n guarantees that Z, is non-
empty, and correspondingly define 7; = Z; x . Furthermore, fixing & > 0 and o > 0
such that o < min{n/2,k}, also define H; = {9 € M. : 7 € T, |y — | < 7%},

25
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Hi={0eM.:meT, (T <|y—l <o}, and H; = {9 € M. : 7 € T, |y — %l > o}
for i =1,...,5, where 5; > 0 will be defined subsequently, noting that H; is non-empty for
any &, o, for T large enough.

Now, by (45), (32) is justified by showing

Pr(infST(19)§O>—>OasT—>oofori:1,...,5, (46)
Hi

Pr(infST(ﬂ)gO)—>OasT—>oofori:1,...,5, (47)
Pr(iﬁ_fST(ﬂ)SO)—>OasT—>oofori:1,...,5. (48)

The partitioning of the parameter space into H,;, H,;, and H,; for i = 1,...,5 is useful
because of the different behavior (orders of magnitude) of the stochastic term s;(#) and the
deterministic term d;(19) on these sets. This motivates a separate analysis of (46), (47), and
(48), at least for i = 1,...,4. We first give the main ideas and motivation for separate
treatment of each of these sets, and then we give below the details of the proofs for each of
these sets in separate subsections.

For i = 5 the stochastic term s;(9) dominates the deterministic term d;(9) in Sr(¥9),
and the contribution of d;(1) to Sp(1¥) is negligible. Furthermore, because u,(§ — dg) is
asymptotically stationary for ¢+ = 5, the proof for this case can be based on arguments from
Hualde and Robinson (2011) for the purely stochastic term, p(L; @)ui (6 — do).

For i < 4 the deterministic term d;(9) dominates the stochastic term s;() in Sp(), but
only if v # 79. Recall that d;(¥) = 0 when v = vy, which necessitates separate consideration

of H;, H;, and H,, at least for some .

Specifically, on H; we have |[y—~0| > o, so that we can take advantage of d; () dominating
st(¥) by an order of magnitude, so that the contribution of s;(9) to Sr(¥9) is negligible.

Thus, H; can be dealt with for 4 = 1,...,4 with one proof that applies a uniform lower
bound on, suitably normalized, Zle d?(9).

On H; we have |y — vo| < T, so that v = 7 is admissible. Because d;(9¥) = 0 when
v = 79, we cannot exploit the lower bound on S./_, d?(9). Thus, on H; we need to deal
carefully with the stochastic term s;(1) and we divide the parameter space and separately
consider ¢ = 1,...,4 as in Hualde and Robinson (2011), Johansen and Nielsen (2012a), and
subsequent works. For i = 4, u;(0 — dp) is asymptotically stationary and we can apply the
same proof as for i = 5 using the mean value theorem to show that the contribution of d; (1)
is negligible. The cases 7 = 2, 3 deal with the discontinuity of the objective function, because
u (8 — &) is near the border between stationarity and nonstationarity. The proof here uses
the result of Hualde and Robinson (2011) that the contribution from the purely stochastic
term, p(L; ¢)u(6—0dp), can be made arbitrarily large, and we then show that the contribution
from the deterministic term is bounded. Finally, for i = 1, us(d — dp) is nonstationary and
we can use the method of Johansen and Nielsen (2019) and Hualde and Nielsen (2020), that
avoids the strong moment condition (see Johansen and Nielsen, 2012b). The reason is that
ur(6—09p) has memory dop—9 > 1/24n for an arbitrarily small > 0, and the most direct proof
for i = 1 would involve justifying the weak convergence of the appropriately normalized sum
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of squares of u;(d — dp). The difficulty here is that for fixed § convergence can be established
under the condition that u; has ¢ finite moments, where ¢ > 2 and ¢ > (6o —§ — 1/2)7!
Thus, if dy — ¢ is close to 1/2, the condition g > (6o — & — 1/2)~! is very strong, and, in fact,
this is a serious technical problem because Johansen and Nielsen (2012b) showed that this
moment condition is necessary and, moreover, in earlier parts of the proof 7 is required to
be arbitrarily small. However, by using the lower bound in Lemma 22, we instead need to
show the weak convergence of the appropriately normalized sum of squares of u;(d —dg — 1).
This process has memory dp — d + 1, so this convergence does not require the strong moment
condition because fori = 1, §o—d+1 > 3/2+n. In addition, note that Johansen and Nielsen
(2019) require 8 moments, but this is not used to establish the bounds that we require. The
cases H; for i = 1,...,4 also require joint treatment of the deterministic and stochastic
terms in Sp(19). In these case we show that, after suitable normalization, the contribution
from the deterministic term d; () is “large” compared to that of the stochastic term s;(19).
In that sense, the proofs here are opposite those of H; for ¢ = 2,3. Because of the different
behavior and normalization of u;(d — dy), and hence of s;(19), for each of i = 1, ..., 4, slightly
different proofs are needed for H; in each of these cases.

6.1.3 Proof of (46), (47), and (48) for i =5

In this case, we give just one proof that covers the whole set H; U H; U ﬁ5, where dp — 6 <
L+ —70 +1n<1/2,s0 u (6 — &) is asymptotically stationary. Let

St(¥) =U(T) — rr(9), (49)
where U(7) = E((p(L; ) A*%4,)2) — 62 and, recalling d,(d9) = 0,
T
1 2
Z (L; o) (udl(t > 0)))* — op
TS

T
1
:TZ (L; @)us(8 — 8))* — E((p(L; ) A°uy)?))
t=
1 ||« i
= = |2 P(Ls o) (wil(t > 0))hu—yz(1 = 0, %0 — do, o)
t=1
1 ||« ;
+ 5 p(L; @)uy(d — do)hi1.r0(1 — 0,7 — 0, )
t=1
2 — 1 «
-7 > di(9)si(0) — T > di(®).
t=1 t=1
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It follows that (46), (47), and (48) for ¢ = 5 hold if we show that
inf U(T) > e, (50)

[|[7—70ol||>e,7€T5

=S oL po)wllt > 0)) — 3 = 0,(1),  (51)
”_S$)gT%EZ«muwnM6—%»2—E«muwﬂv5%a%w:%u» (52)
)| = oD, (53)
H5UH5U7{5
sup |1 p(Li@)us(8 = do)her (1= 6,7 =6, 0) | =o0p(1). (54
HsUH5UHs t=1

First, (50), (51), and (52) follow by identical arguments to those in the proofs of (2.8) and
(2.9) in Hualde and Robinson (2011). Next, for any 6 > 0, by (148) of Lemma 4 with y9—0 <
1+nand & —d < 6 — o + 1+, the left-hand side of (53) is O, (Tm@x{6:1+%0—yo+n}+46-1/2+n)
which is o0,(1) for # and n sufficiently small. In the same way, the left-hand side of (54)
is O, (T?maxd01+d—0+n}=1) By (185) of Lemma 18, which is again o0,(1) for  and 1 small
enough. This concludes the proof of (46), (47), and (48) for i = 5.

6.1.4 Proof of (46) fori=1,...,4
In view of Lemma 1 and that d;(9¥) = 0, the result holds if, for i = 1,... 4,

T
o1
Pr (mf T Z(dt(’ﬁ) + 54(9))* < op + 6) —0as T — oo.

Hi © =1
For § € U{_,Z; it holds that 7o — & > 1+ 7, so the probability above is bounded by
T2(0—6)—1 1 r
Pr | inf inf (di(9) + 5,(9))* < 03 + ¢
w7
= Pr

2(70—0)—1
HZT(’Y ) —

1 d o2 +e€
2 0
(mf T200=9-1 g (di(9) + 5:(9))* < Ton )

=1
T 2
o5 + €
1 § dt<19)8t(19> < 3—1277 )
t=1

< Pr <1nf T300=0)- Zd2 sup
H;
When 6 € U}, Z; we have dg—0 > dp—~0+ 1+, so by (150) of Lemma 4, for 6 small enough,

E:%

$mT205 )| = oD

and the proof follows by Lemma 2.



Estimation of fractional time series with generalized trend

6.1.5 Proof of (47) and (48) for i =4

Fix ¢ such that 0 < ¢ < n and let ¢4 = 79 — 6 — 1 — (, noting that s¢4 > n — ¢ > 0 when
d € Z,. Then, because d;(9y) = 0, (47) holds if

T2V4 T
P (fT (Zd? )= 2|3 di(@)s(9)
t=1

as T — oo, noting the change in the normalization from (47) to (55), which is justified
because the right-hand side of the inequality inside the probability in (47) is 0, so multiplying
the left- and right-hand sides of the inequality by the same positive number does not alter the
probability. By the Cauchy-Schwarz inequality and (39), the probability in (55) is bounded

by
Pr (mf T2 (Z d2(9)(1 — 2vp(9)) — ;s?(00)> < O) : (56)

where vy (9) = (3, (p(L; )us (6 — 60))%/ 31—, d2(9))/2. Then (55) holds if

— iﬁ(ﬂ@) < o) -0 (55)

t=1

T2%4 T

Sup T2(r0-0)—1 Z 3?("90) = 0p(1), (57)

t=1

T2%4
Pr <1nf T2t =)= Z d?(9)(1 — 2vp(9)) < 6) —0asT — oo. (58)

First, because T#4~200=0)+1 — T-1-2 " (57) follows immediately by Lemma 1. Next,
fixing ¢ such that 0 < ¢ < 1/2, the probability in (58) equals

T2%4 T
Pr (1751f Ta00=91 de(ﬁ)(l —2vr(¥9)) < e, supvr(9) < c)

t=1 Ha

T2%4 T
+ Pr (mf 20— de(ﬁ)(l —2vr(¥9)) < €, supvr(9) > c)

t=1 Ha

T2%4 T
S Pr <1nf W Zd?(’ﬂ)(l — 20) S €> + Pr (Sup UT(".?) > C) s (59)

Ha

o (58) holds on showing that

T2%4 2
Jim inf e Zd (60)
sup vr(9) = 0,(1). (61)
Ha

We first justify (60). Choose an arbitrarily small o > 0. Then we initially show that

T2%4 2
7151010 Ha,l 1(5n<f1/2+a T2(v0—0)—1 Zd <62)

29
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By the Cauchy-Schwarz inequality, S, d2(9) > T*132T(19), where d;(9) = >_'_, dy(19), so
that (62) holds by (146) of Lemma 3. Next we show

T2;44
lim inf d(9 63

T—00H4,1-6>1/24a T2(v0—0)—1 Z (63)
By very similar arguments to those given in the proof of Lemma 2, using also Lemma 11, as
well as very similar steps to those in the proof of Lemma 13, approximating sums by integrals
(Lemma 10) and noting that the second term in (31) dominates because 79 > 1 + &, it can

be shown that
T

T2 Z _ T*B5p* (15 pp) 1 (! 1 )
T2(vo— T2(y0—08)—1 - FZ(’YO _ (5) 2(70 IR 5) 1 Y—25 yo+y—26—1

1 1 -1 1
% ( 2(1—16)—1 7—126 ) ( 70I26 ) + 7“4T(T9>, (64)
y—26 2(y—0)—1 Yo+v—20—1
where supy, |_s>1/244 [Tar(9)] = 0(1). It can be shown that the first term on the right-hand
side of (64) equals

T2 53 p*(1; 0) (0 — 1)* (70 — 7)?

, 65
T2 — 91200 ) — 170~ 2P (0 + 7~ 2~ 1P o
so by (22), (64), and (65)
T 2( K€ 2504 2 _ K%
Ha,l 1(sn>f1/2+a T2(0—0)~1 Zd )2 _me (o =7)" = 75 =6
to conclude the proof of (60).
To show (61), note that
/2
_ T-1-2¢ T L: 5 — 6a))2 1
capa(®) < [ 2P 21 (p( ,90)Tut( 0) | (66)
o, infy;, T4~ C0-0-0 ST 32(9)

recalling s = 7 — 6 — 1 — (. Here, supg, T2 3" (p(L; )us(5 — 60))% = 0,(1) by
Lemma 17 because dp — 9 < 1/2 —n. Then (66) is 0,(1) by (60), which concludes the proof
of (47) for ¢ = 4.

Next we show (48) for i = 4. A potential problem here is that 7 = vy is admissible, so
we cannot directly exploit the lower bound for the normalized Y7, d?(¥9) as in (60) because
di(9) = 0 when v = vy. However, we can instead take advantage of |y — vo| < T in Hy
and apply the mean value theorem. First note that 6 € Z, implies that o —d < 1/2 —n
and 79 — 0 > 1+ 1, so that uy(6 — dp) is asymptotically stationary as in the proof for i = 5.
Then, given (49), the result follows by (50), (51), (52) (whose proofs apply also for § € Z,),
and showing also that
2

871{15) T ; p(L; @)ue(0 — dp)hi—17(1 — 6,7y — 6, 0)|| = 0,(1), (67)
1
S;_llf T tz:; di(9)s:(9)| = 0,(1). (68)
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From (185) of Lemma 18, the left-hand side of (67) is O,(T~*7) = 0,(1) by choosing 6 <
1/2 —n. Next, because |y — 79| < €T in Hy4, by (147) and (149) of Lemma 4 the left-hand
side of (68) is O,(T*~"™%) = 0,(1) for § small enough because ¢ < 7.

6.1.6 Proof of (47) for i =1,2,3

The proofs of (47) for i = 1,2, 3 are nearly identical, but with different normalizations given
by 1 =q2=2(0g—0) and g3 =1. Fix xy1 =x2a =7 — 0o — 1/2>0and 3.3 = — 9 — 1, so
that s¢3 > 79— dp — 1/2 —n > 0 because ¢ € Z3, and finally let @ > 0 be an arbitrarily small
number. To justify (47) for ¢ = 1,2, 3, we prove that

Pr ( inf Sr(9) < 0) — 0as T — oo, (69)
Hi1-0<1/24«

Pr ( inf Sr(9) < 0) —0as T — oo. (70)
Hi1—6>1/2+4a
First, changing the normalization (7% instead of T') and applying the Cauchy-Schwarz
inequality, the probability in (69) is bounded by

Pr( inf o (d2(9) 4 52(9))

H;1-6<1/24a

S s) < 0) , (71)

where 5,(9) = ', 5;(89), so that

j=1

5r(9) = si(9) = p(L; @)ur(5 — 6y — 1)

T
=D R (=67 =06,0)> hiax(l—06,7—0,¢)p(L; )u;(6 — dp).  (72)

)

t=1 j=1

The probability in (71) is bounded by

Pr ( inf %E;(ﬂ)(l — 2o (9)|) — qui Zsf(fz?o) < 0) : (73)

Mi,1-0<1/2+a t=1

where T7(9) = 570(9)/dr(9). Applying Lemma 1, (69) for i = 1,2, 3 then holds if
1 -
Pr ( inf +d§(19)(1 —2|vp(9)]) < K) — 0as T — oo, (74)
H;1-6<1/24a L0T!

for an arbitrarily large K. As in (59), fixing ¢ such that 0 < ¢ < 1/2, the probability in (74)
is bounded by

1 —
Pr( inf  ——dp(9)(1 - 2¢) < K) +Pr sup o) >cl|,  (75)
Hi1-6<1/24a THF Hi1—6<1/240a
so, as in (66), (74) holds if
1

sup o [5r(9)] = Oy(1), (76)

H;i,1—-6<1/24a Tai/2+1/2 8

1 _

lim  inf  ——de(9) > K. (77)

_ —dr
T—00 3, 1-6<1/24a 1 %T1
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For ¢ € Z3 it holds that dp — 0 < 1/2, so in view of (72) the proof of (76) is immediate using
(177) in Lemma 16 together with Lemmas 17 and 18 with § < 1/2. For § € Z; UZ, it holds
that dg — 9 > 1/2, so with the different normalization, (76) again follows by application of
Lemmas 16, 17 and 18. Finally, because 7~ (%+1) = 72%-200=9) (77) follows by (146) of
Lemma 3, to conclude the proof of (69) for i = 1,2, 3.

Next, (70) holds if, for i = 1,2, 3,

T
Pr inf )+ s Eh -0 78
(Hz it T (Z (9))* =D si(Do ) ) (78)

t=1 t=1

as T — oo. Using Lemma 22 and proceeding as in the proof of (47) for ¢ = 4, the probability
in (78) is bounded by

T
5 _ 2 <
Pr (H 1 {;I;fl/%a T4 <4T2 Zd 1 wT(ﬁ)) ;St (190)> < e) ,

~ 1/2
— 19 _ Ez:l S?(ﬂ)
wT( ) - T =2 :
> i1, ()
Then, because T4~ (200=0+1) — 7-4-2 for j = 1,2, 3, by Lemma 1, (78) holds if

where

T2%1
’Ilgrolo’}-[ 1 15rif1/2+ T2(0—0)+1 (79)
1 Z
wp Zsfw) = 0,1) (30)
Hi1—6>1/2+a =1

Again, by similar arguments to those given in the proofs of Lemmas 2 and 13, and using
Lemmas 10 and 11 to approximate sums by integrals, it can be shown that

T

1 2, o Bir*(1; )
T2(v0—0)+1 Zdt (19) = FZ(% 51 1)/\(7, (5) —i—pT(fﬂ),

where supz, |_s>1/240 [P7(9)] = o(1) for i = 1,2,3 and
1 1 1 -1
- - 4 < (0=8)% (-9 ) WHT 7%
2(0—0)+1 7070 eyl =% 3(—0)—1
1 1 1 1 -1 1
% CA—0)+D)(1-3)2  (v—20+2)(1-8)(7—0) 2(1-8)—1  ~—26 ( Y0—20 )
1 1 1 1 1
(y=20+2)(1-0)(v=0)  (2(y—9)+1)(y—9)? 7-20  2(y—9)-1 Yo+y—26-1
1 1 -1 1
_9 ( Yo—6 Yo—0 ) < 2(1-4)—1 y—26 ) < (70—26+2)(1-9) )
70—25  qo+y—23-1 1 L ! '
=25 2(7—8)—1 (Yo+v—26+1)(v—0)
By simple but very cumbersome calculations, it can be shown that

e P

A(v,9)
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where
Ap(7,8) = (1 =6)*(y = 8)*(2(70 — 8) + 1)(2(1 = ) + 1)(2(y — 8) +1)(70 — 20)*
X (90 =20+ 2)(v0 +7 =20 = 1)*(y0 +7 — 20 + 1)(y — 20 + 2),

and An(v,0) is a complicated function. Then, noting that 79 # 1 by Assumption A3 and
that |yo — v| > €T, setting & large enough, (79) holds by showing that

inf An(7,0) > e. (81)

H;1-6>1/24«
First, given that |y — | < o, it can be shown that

~inf An(v,0) > inf An(70,0) — Ko, (82)
Hi1—6>1/2+a H; 1-6>1/2+a

where the second term on the right-hand side of (82) can be made arbitrarily small by setting

o small enough. Also, it can be shown that
6
Av(10,6) = (30— 6) D (30 — 6 = 1)*gi(8) + (2(1 = 8) + 1)((1 — 8)> — 1)?,
k=0
where g (0) are relatively complicated polynomials of d, for which it can be shown that
~inf gr(6) > €
Hi1-0>1/24«

for i = 1,2, 3, to justify (81) and conclude the proof of (79).
Next we show (80). Clearly,

2
qu+2 Z (ZZP (L; @)u;(6 — 5O)h; (=387 =48¢)hs17r(1—06,7—9, go)) .

s=1 j=1
(83)

First, we note that §o — 0 +1 < 3/2 for i =3 and 69 — § + 1 > 3/2 for i = 1,2. Then, by
(183) and (184) of Lemma 17,

2 & )
S0, (530) <o

H;1—6>1/24a i—1

for i = 1,2, 3. Similarly, by (176) of Lemma 16 and (185),(187) of Lemma 18,

2
Sup qu+2 Z (ZZP (L; @)ui (6 — do)h ) (1 = 6,7 =, )hs_10(1 = 0,7 =0, cp))

Hi,1—6>1/2+a = s=1 j=1

p T3 Z (T1/2 Z 1/29T9> _ Op<1)

s=1

for i = 1,2, 3, to conclude the proof of (80), and therefore that of (70) and (47) fori = 1,2, 3.
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6.1.7 Proof of (48) for i = 2,3

As with (47) for i = 1,2,3, the proofs of (48) for ¢ = 2,3 are nearly identical, but with
different normalizations. Recall g2 = 2(dp — d) and g3 = 1. Then (48) for i = 2,3 holds if

T
e 1 9
Pr <1?r{11f Ta ( g sp(¥) —2

t=1

T

—Zsf(ﬂ@) SO) —0asT — oo, (84)

t=1

where

2

T
— D p(Ls @)un(5 = o)y 1.0(1 = 6,7 — 6, ) (85)
t=1
In the proof of their (2.7) for i = 2,3, Hualde and Robinson (2011) showed that
T
Pr inf L Z(p(L' P)u (6 —60))* > K| = 1asT — oo (86)
lr—rollzereT T 4= ’

for any arbitrarily large fixed constant K (for small enough 7). Thus, in view of (85), (48) for
i = 2,3 holds by (86) and Lemma 1 (noting that for i = 2,3 we have 7% < T~1) on showing

T
Syl.[lp Tai/2 ZP(L; P)ur(6 — do)hi—1,r(1 — 0,7 = b, ¢) || = Op(1), (87)
¢ t=1
1]z
SUP 7 ;dt(ﬂ)st(ﬂ) =E0,(1). (88)

We note here that, even if £ had to be set large enough in the proof of (77) (see the proof
of Lemma 3), this can be dominated by the constant K fixed in (86), which can be chosen
arbitrarily large by setting n small enough.

By (185) of Lemma 18, (87) holds for ¢ = 3 because dp — 0 < 1/2 when ¢ € Z3. Further-
more, noting that supy, |[y—7| < {7~** and that § € Z3 implies yo—3d > yo—do+1/2—n > 1
and dy — 0 < 1/2, it follows by (147) and (151) of Lemma 4 that the left-hand side of (88)
with ¢ = 3 is £O,(1) by choosing 6 < 1/2.

Next, (87) with ¢ = 2 follows by (187) of Lemma 18 choosing 6 < 1/2, and noting that
SUPy, |7 — Yo < ET 72 = £T~00=%=1/2) and that § € I, implies v — § > 79 — dp + 1/2 > 1
and 6y — d > 1/2. Finally, (88) with i = 2 follows from (147) and (152) of Lemma 4 setting
6 < 1/2, to conclude the proof of (48) for i = 2, 3.

6.1.8 Proof of (48) for i =1
Finally we show (48) for i = 1, which holds if

Pr (%f % (Z(dtw) + 5(9))% — Zsf(ﬂo)> < o) 0 (89)

t=1 t=1
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as T — oo. By Lemma 1 (noting that for i = 1 we have 2(dp — ) < —1 — 21 < —1) and
Lemma 22 with Z; = di(49) + s:(9), (89) follows if there exists an € > 0 such that

1 - 1 2
Pr (Hlf T Z (mdt(ﬁ) + mst(ﬁ)> > E) —1 (90)

as T — oo. Note that in Hy, v —9 > 147 and |y — v| < T, so there exists a > 0 such
that for T sufficiently large it holds that v —§ > 1 + «a. Defining the sets G; = {9 : 7 €
Ti,v—0>1+a,1-6<124a,ye[T,Ds]}and Go={F: 7€ T1,v—6>1+a,1 -6 >
1/2 4+ a,v € [0y, 0y]}, (90) is justified by showing

T 2
o1 1 = I _
Pr <léllf? Zl <7mdt(’l9> + m&g(’ﬂ)) > €> — 1, (91)
t—
1 o 1 1 2
t—
as T — oo.
First we show (91). Initially we justify that
1 _ 1
Taomsriao!(0) = mmsras (@(?) + az(9)), (93)
where

co1(y = 0+ 1,0) X0y p(Li@)u;(8 — do)cj—1(y — 6,¢)
Z?:l C?—l(’}/ - 67 (P)

and ag (1) is a remainder term such that for any arbitrarily small ¢; > 0, €5 > 0, and for T’
sufficiently large,

a1 () = p(L; p)u(6—do—1)—

(94)

1
Pr <Sup m |a2t’T(19)| > 61> < €9. (95)

As in (72),

T
S5¢(9) = p(L; p)ur(§d — 09 — 1) Zp (L; )u;(0 — dg)cj—1(1 — 8,7 — 6, )
7=1

k=1

= p(L; p)ur(d — 0 — 1)

T —1
X (Z Ck—l(1 - 57’7 - 57 CP)C;i‘—l(]‘ - 5?7 - 57 ‘P)) Ct—1(2 - 577 -0 + 1790)

a11:(P) + a12:(9) + a13:(9) + a1 () .
S G (1= 0,0) S (1= 6,9) = (S e (1 =6, 0)a(y = 0,0)
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where
T T
a1(9) = i1 (2= 6,0) > p(Li )i (6 — do)ej—1 (1= 6,0) Yt 1(y — 5,¢p),
j=1 k=1
T T
a12(9) = i1 (Y = 0+ 1,0) > p(Li )u(6 = Go)ej—1 (1= 6,0) Y cxo1(1 =6, @)cr—1(y — 6, ),
]:]_ k=1
T T
a3 (9) = c1(y — 6+ 1, ‘P)Z (L;p)ui(d —do)cj—1(y — 0, ZC (1 =46,¢),
j=1 =1
T T
au(9) = —c1(2=6,0) Y p(L; @)u; (6 — do)cj1(y = 6,0) Y chr(1 = 6, 0)ck1(y — 6, ),
j=1 k=1

Then, it can be straightforwardly shown that (93)-(95) follow by (159), (160), (162), (163),
(164), (166), (170), (195), and (196). Next, let [-] denote the integer part of the argument
and consider Sir(r,9) = T°~%"1/2q;7,(9) a process indexed by (r,9) that is cadlag in r
and continuous in 9. By almost identical techniques to those of Hualde and Nielsen (2020)
it can be shown that
Sir(r,9¥) = Si(r,9), (96)
where
S1(r,9) = p(1; )w(L; o)W (r; 1+ o — )
. p(la QO)(U(L :0)(?(7 — 5) — 1)T7—6W(1; 1+ — (5)
L Pl (2(y _56) — D =9-1) /1 W2 (1 + 8 — 0)du
v 0

and = means weak convergence in the product space of functions that are cadlag in r € [0, 1]
and continuous in ¥ € G; endowed With the Skorokhod topology in r and the uniform
topology in 9, and where W (r;d) = T'(d)™" [/ (1 — s)*"'dB(s) and B(s) denote fractional
(Type II) and regular scalar Brownlan motlons respectlvely, both with variance o3. Because
d;(¥9) is deterministic and 5,(¢9) is stochastic, and in view of the square in (91) and (93)-(95),
(91) follows from (96) (also note Assumption Al(iv) and (22)). Note that the application
of Lemma 22 going from (89) to (90) is essential to avoid a very strong necessary moment
condition (Johansen and Nielsen, 2012b).

Next we show (92), which is similar to that of (91). Defining Sor(r,9) = T°%~/25,(9),
we show

SQT<T, ’19) = SQ(’I“, '19), (97)

where

Sa(r, ) = p(1; @)w(L; o)W (r; 1+ o — 6) — p(L; p)w(1; )

X ((1, DW (1,146 —0) — /1(—5515, (v =6 1)) W(s;14 6 — §)d3)

1 1 -1 1-6
2(1-6)—-1 —26 _
X ( 1) i v )
y—26 2(y—0)—1 y—

<

—_
<

<
53

(S2]
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and = now means weak convergence in the product space of functions that are cadlag in r €
[0, 1] and continuous in ¥ € G, endowed with the Skorokhod topology in 7 and the uniform
topology in . The proof of (97) is almost identical to that of (96), noting that in Gy, 1 —3 >
1/2 + . Also, for 9 € G, it holds that fol s (851 4 8 — 0)ds is a well-defined random
variable with zero mean and finite variance (e.g., for § = §y this variance is 203 ((1—6)(2(1 —
§)—1))71). Asin the proof of (91), (97) justifies (92), which completes the proof of (90), and
hence that of (89). Thus the proof of (48) for ¢ = 1 is completed and therefore that of (32).

6.2 Proof of Theorem 1(ii): the v, — 1/2 < §, case

Clearly
Pr(||T — 7ol > &) =Pr ( inf Rp(9¥) < inf Rﬂﬁ)) , (98)
YeM, veM,

so, as in the proof of part (i), the result follows by showing that the right-hand side of (45)
is o(1), which, in view of Lemma 1, holds if

Pr(inf RT(19)§U§+€>—>OasT—>oo. (99)

veM.

Recall the intervals Z; and define W; = {9 € M.:6 €T} fori=1,23and W, = {9 €
M. :0€ZyUZs}. Then (99) follows on showing that

Pr(ivr&_fRT(ﬁ)Sag—i-e)—>OasT—>ooforz'—1,...,4. (100)

The proofs of (100) for each of i = 1,...,4 follows in the next subsections. Each proof
proceeds by showing that, because vy — 1/2 < Jp, the deterministic term di(9¥) in Rp(9)
is negligible with the appropriate normalization. We can therefore take advantage of lower
bounds on the stochastic terms in Ry (1) established in Hualde and Robinson (2011), Jo-
hansen and Nielsen (2019), and Hualde and Nielsen (2020). Note again that Johansen and
Nielsen (2019) require 8 moments, but this is not used to establish the bounds that we require.

6.2.1 Proof of (100) for i =4

We first note that
2

r T

1 1

? ; L SO xt - T ;P(L, (P)xt((s)ht_l,T(]. — (5’ v — 57 so)

Ly 21|y

> T;( p(L; @)us(6 — do))? ; p(L; @)us(5 — So)er1(1 — 8,7 — 6, )

1< 2

T ZML; p)ri(0)hi 1 7(1— 0,7 —0,9)| , (101)

t=1

where the inequality follows from (34). Because §p—0 < 1/2—n when § € Zy UZ5, u; (6 — dp)
is asymptotically stationary. In view of (101), the proof of (100) for ¢ = 4 then follows by
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Hualde and Robinson (2011) (see the proof of their (2.7) for i = 4) by showing

T
1
sup - > (L )uy(8 — do)eri(1 — 6,790 — 6,) | = 0,(1), (102)
4 t=1
T 2
1
Sup - > (L @)z ()1 r(1 = 06,7 = 5,9)|| = 0p(1). (103)
4 t=1

First, because § € Z, UZs implies 6g — 6 < 1/2 —nand v — 0 < 1/2 4+ v — dp — 1, (193) of
Lemma 20 implies that the left-hand side of (102) is O, (T70~%~1/2=21 4 T=<=1 4 T=l]og T) =
op(1).

Next, using (34) and noting that the second term in (31) dominates because vy > 1 + &,
(103) follows by showing

T
Sup T2 " p(Li w8 — o)y (1 = 6,7 — 6,) = 0,(1), (104)
4 t=1
T
sup T2 " eia(vo = 6, @) hurr(1 = 6,7 = 6,) = o(1). (105)
4 t=1

Here, (185) of Lemma 18 shows that the left-hand side of (104) is O,(T?~Y/2 4+ T") = 0,(1)
by choosing # < 1/2, while (191) of Lemma 19 shows that the left-hand side of (105)
O(T?=1/2  To=1/2=%=1) = 5(1), to conclude the proof of (100) for i = 4.

6.2.2 Proof of (100) for i =2,3
Recall the different normalizations given by g3 = 1 and g3 = 2(dp — 0). Clearly,

4]

. . A
Pr <1ng Rr(9) < a5 + e) <Pr <1ng 7l o Re(9) < op + e)
. T 5
=Pr (1}/1\1}f To Rp(9) < o + e) : (106)
Thus, in view of (86) and (101), the proof of (100) for i = 2,3 follows on showing
L]
SUP 7oy ;p(L; P)ur(d — do)er—1(1 — 6,70 — 0, )| = Oy(1), (107)
- !
Sp o | D p(Ls @ Ohear (1= 6.7 =6,0)|| = Op(1). (108)
¢ t=1

For i = 3, both (107) and (108) follow straightforwardly by identical steps as those given in
the proofs of (102) and (103) just replacing n by 0. For ¢ = 2, we need to take into account
the different normalization, which implies using (192) instead of (191) in Lemma 19, (194)
instead of (193) in Lemma 20, and (187) instead of (185) in Lemma 18.

6.2.3 Proof of (100) for i =1
Following identical steps to those given in (106),

. ) T o2+ €
Pr (11/1\1}1f RT('&) S O'g + 6) S Pr (11/1\1/1f mRT<'ﬂ) S 07127] ) )
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so the required result follows on showing

T
Pr (mf T3(60= )RT(ﬂ) > e) — 1lasT — oo. (109)
First we show that
: 11
T2(60—5)R 7(9) Tz 50 5) Zst )+ ar(9), (110)

where supyy, |qi7(9)| = 0,(1). Noting (35) and (39), the proof of (110) follows by showing

T
Sup T2 _5) Z L LP ut 5 50)075 1(70 - 6 (p) (1)
=1
and
W T260-5) T2 (60-0) Zc] 1(70 = 0, @)h_y (1= 06,7 =0, )

T
Z (L; @)us(6 — Go)he_10(1 — 6,7 — 6, )|| = 0p(1).

=1

Because g —d > 1/24+n and v9 — 0 > 1/2+ 1+ v — dp on Wy, these results follow
straightforwardly by (187), (192), and (194), noting that also vy — 1/2 — 6y < 0.

Next, let @ > 0 be arbitrarily small (in particular o < (¢ — 1/2)/3) and define the sets
®q,...,Pg as in the proof of Lemma 2. Then, in view of (110), (109) follows on showing

T
: 1 9
Pr(wll%%jm g st(0)>e)—>1aST—>oo (111)

t=1

forj=1,...,9.
First we prove (111) for j = 1,2,4,5. In their eqn. (S.126), Hualde and Nielsen (2020)
showed that

T
; | p(L; p)ur(d =0 —1asT — oc. 112
' (”T "’0Hn>€ TETL T2 ; (P ut 0)) E) as 00 ( )

Then, in view of (85) and (112), (111) for j = 1,2, 4,5 holds if we show that
2
= 0,(1). (113)

T

Z p(L, Qo>ut(5 - 6O)ht*1,T(1 - 67 Y= 67 QO)

t=1

SUp —————
Wina, T2(60—9)

We cannot apply Lemma 18 to (113) because it only shows O,(1). Instead, we decompose as

2
1

T2600) = Bir + Bar + Bsr,

T
> " oLy @)ue(d — Go)hur7(1 — 0,7 — 6, )
t=1
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where
T 2T
B (S5 oL @)y (8 = do)esa (v = 0,0) ) LTy 2,1 = 0,0)
1T — PR
S G160 X A= 6,¢) — (Sl = 6. 9)ga(r = 6.9))
(114)
T 2 T 2
i (Zj:l p(L; p)ui(d — do)ej1(1 =0, SO)) > i1y — 6, )
2T — 2
S G =0,0) S (1= 6.9) = (S el = 8, 9)a(y = 0,¢))
(115)
B _ 2 S (L @)ui (6 — Go)ej 1 (1= 6,0) 31y p(Ls @)u; (6 — So)ej 1 (v — 6, )
3T — 2
ZjT—l AL (1=6,9)> A (y—6,¢)— (ijl cj—1(1—=0,)c; (v =4, w))
X ZCJ 1(1 =6, )ci-1(y = 6, ), (116)

o (113) holds for j = 1,2,4,5 if

sup |Bir| =0,(1) fori=1,2,3 and j =1,2,4,5.
W1ﬁ<1>]'

The proof of (113) for j = 1 follows straightforwardly by (165), (171), and (195). Next,
we show (113) for j = 2. By (173) the normalized denominator can be made arbitrarily
large by setting K large enough, so the result follows on showing that the supremum of the
numerators in (114)—(116) is O,(1). This result in turn follows by (165) and (196) for Byr,
(168) and (195) for Bar, and (167), (195), and (196) for Bsr. The proof of (113) for j =4 is
identical to that for j = 2 using symmetry of &, and ¢4, and is therefore omitted. Regarding
(113) for j = 5, we re-normalize as

2

12079 (S0 p(Ls @)y (0 = Go)es 1 (7 = 6,0))

T 2 '
1-2(y=9) (Zi1ei-10-0)cj-1(0=8))
T (Z 1 Gy —0,0) - ST 2, (=34

B = (117)

By (174) the infimum of the denominator of (117) can be made arbitrarily large, whereas
by (196) the supremum of the numerator is O,(1), so that supy, . |[Bir| = 0p(1). The
proof of supyy, ne. |[Bor| = 0p(1) is essentially identical and thus omitted, whereas that of
SUPyy, e, | Bsr| = 0p(1) uses (170) along with (174) and (196).

Finally, the proof of (111) for j = 3,6,7,8,9 is essentially identical to that of (90) with
dy(9) = 0. The only relevant difference is that we now need to establish a convergence result
on a larger set where v —d > 1/2 + « (instead of v —J > 1 + a). However, this does not
lead to any relevant changes in the proof because for fixed 9 such that v —4§ > 1/2 + a and
14+d0—3d > 3/2+n with a > 0,7 > 0, the integral fol w072 (u; 1+ 8 — 6)du is well defined.
This completes the proof of (111) for j = 3,6,7,8,9, and therefore that of (100) for i = 1.
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6.3 Proof of Theorem 2(i.a): the 75— 1/2 > §y case with dy < 1/2
Defining My = diag(I, 1, T~ ") we initially show that

~ oA 0
T2 MO — ) =g N(0pi, 02V ) with Vg = [ 07 ) . (118)
0p+1 (70—260)2 vs
By the mean value theorem,
A 02Rr(9)\ " ORr(9)
V-9 =— 119
0 < 900’ ) g9 (119)

where ¥ represents an intermediate point which is allowed to vary across the different rows
of >Ry (+)/0909'. We first analyze the score in (119). It can be straightforwardly seen that
0di(99) /0T = 0 and 0sy(7)/0y = 0, so, recalling that d;(¥) = 0 and the decomposition

(40),
6RT ’190 2 Z (( 9su(ro) 88%(’00)
———— == 5() 0dy) | — —F9— |-
T — 5 09
Then, by Lemma 5(a) it holds that

Tl/2 (9RT('¢90) T*1/2I 41 T 88175(7'0)
s M5 :( o - (70 0) )Z:: ad%(;so +op(1).  (120)

As in (2.54) of Hualde and Robinson (2011),

T

1 aSM TO
T1/2 ZE or T1/2 Ze’:‘thJ Po)er—j + 0p(1),
j=

t=1

where m () = (—j~,b(12y))'. Next,

0dy(9y)

By = —Boclgl—)l(% — 0o, 900)

T

+ Bohi_y (1= G0, %0 = 60, o) Y he—1.0(1 = 60,70 — do, ©0)c (0 — G0, py),

j=1

where c( )( ,+) is the derivative of ¢,(-,) with respect to the first argument, so that

T

1 0dy(9)
Tv0—00—1/2 th oy - T To— 50 1/2 thh’t 1 T — 00,Y0 — 9o, 800)
t=1
T
X Z hi_17(1 — do, v — do, 900)05'121(70 — 00, ¥o)
j=1

N TYo— 50 Tyo—00—1/2 Zetct 1 _507900)- (121)
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By (17), cﬁl_)l (d, ) = Z;;B pj<Q0)7T§£)j_1(d>, where 7rj(.1)(‘) is the first derivative of m;(-) given
by

m(d) = (0(d + ) = o (d)m;(d), (122)
with 1(-) denoting the digamma function. Then, noting that 1 —dy > 1/2 and vy —do > 1/2,
by a similar analysis to that in the proof of Lemma 13, the right-hand side of (121) equals

MZ& 7Tt 1(1—460) m—1(70 — do) )

To—d0—1/2
-1
( Zt 1l = o) Zt:l e—1(1 = 6o)m—1(70 — o) >
Zhmeall=omaato=6) i rialo —4)
Uy 1 — 9 5 P 1. %)
X Z < 7r]] 11 (o — (;)0)) ) 7Tj('1_)1<70 — o) — TO%(TOI% Zaﬂrt 1 (Y0 — d0) + Op(l). (123)

Using (122) and the approximation ¢(z) = log(z) + O(z7'), see Abramowitz and Stegun
(1970, p. 259, eqn. 6.3.18), as well as careful cancellation of terms, it can be shown that the
first two terms of (123) equal Bop(1; @o)T/2H%0 0 ST 2y, 7(1 — 80,70 — do) + 0,(1), where

gt,T<d1,d2) - ( Wt—l(dl) 7Tt—1(d2) ) ( Z?:?;ill?;ﬁfsj(dz) thgi—llfr?ii?;;;(dﬂ )

o (570) (2000 ) ot -t (257 e

Collecting these terms shows that

T2 aR 19
5 M r(%o) ZemtTJrop (124)

where

n < T Z] 1 ™M (Po)et—; ) _
LT 20000 8o (1 40) g (1 — G0, Y0 — 6o)
Since &;m, 1 is a martingale difference sequence, we can apply the martingale central limit

theorem (e.g., Corollary 3.1 of Hall and Heyde, 1980) to show that

> emir —a N(0yiz, 00 V). (125)

To prove (125) we note in particular that 37, m;(¢g)m;(p,) = A by definition, see
Assumption A4(iii), and from Lemma 10 and (158) of Lemma 11, we find that, as T — oo,

1 2 1 2 1 1
T2(v0—d0)—1 ;gt’T(l 90,7 = %) = I'2(yo — do) ((2(’)/0 —0p) —1)3 - ( (v0—260)%  (2(70—0d0)—

1 1 -1 1
% 1—1250 70—1250 (’70*1250)2
70—280  2(v0—60)—1 (2(v0—6d0)—1)2
—1)?
— (0 2) . (126)
I'2(70 — d0) (70 — 260)*(2(70 — do) — 1)

7 )
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In addition,
T e’}
1
T 0o Z gt,T<]~ - 507 Yo — 60) Z mj((P0>5t_j = OP(1)7 (127)

=2 j=1

which, noting that

t 00
DY mylpg)er, = 0,17, (128)
k=1 j=1
follows by summation by parts using Lemmas 10 and 11, and shows block-diagonality of
the variance matrix, Vig. Thus, 3, N, rMir —p Vo as required in (125). Because the
fourth moment of &, is finite, the (conditional) Lindeberg condition holds if, for example,
ZtT:Q(Elnt’Tn;TE)Q —, 0 for an arbitrary conforming vector &, which follows straightfor-
wardly by previous arguments.
In view of (119), (124), and (125), the proof of (118) is completed by showing that

M Rp(9)  9*Rr(d) 9? Ry (90)
T\ 0909 0999 0099’

The first result in (129) is relatively straightforward due to Lemma 6. It is proven by a
mean value expansion, noting that the derivatives add at most a multiplicative logarithmic
factor, see Lemma 11, but that is more than compensated by the factor ¥ — 9y = O,(T"7%),
X > 0, from Lemma 6. The second result in (129) can be proven by identical methods to the
corresponding proof in Hualde and Nielsen (2020, online supplement p. 16), and specifically
follows by application of Lemma 5(b) and the same methods as applied in (126)—(127).

Given (118), the remaining part of (26) is justified as follows. From (18) and (34) we
find that

) MT = 0p(1) and MT MT —p V,g. (129)

T
¢: ¢(7~9) - Zkt*l,T(1 _67:)/\_57 @)ct l(l 5770 d QO)¢

t=1
T ~ A~ A~

+ Y kir(1— 6,9 = 0,8)p(L; @)us(d — &), (130)
t=1

where
~1
ktT d17d27 <Zc] 1 d17d27 _1(d1,d2,(p)> Ct(dbdQ)LP)‘

By the mean value theorem,
kio1r(1= 0,9 =08,8) = kiyr(1 = 08,7 = 0,8) + ki, £(1 - 0,7 = 8,2)F — ).

where kEZT),(, -,+) is the derivative of k;r(-,-, ) with respect to the second argument and
¥ — 7| < |7 — 0| Thus, defining Ny = diag(T'/2=% T70=0-1/2 /100 T,

+ N7y k(1= 0,7 = 0,@)p(L; @)ue(d — bo). (131)
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First, by application of Lemmas 6 and 7 it follows straightforwardly that the first term
on the right-hand side of (131) equals

T
(3 = 70)Nr Y ks (1 = 60,70 = G, po)ei1 (L = 80,70 — dos o)y + 0p(1).  (132)
t=1
Then, noting that
—1
Ok, r(dy,ds, @) d / 0 d /
dd, T ch—l(d17d2a‘P)ijl(dlﬂdQ’SO) 6_d2Zcﬂ'—l(dhd??90>cj71(d1’d2"p>
j=1 j=1

- ~1
X chl(dlvdza‘P)C;1(d17d27‘P)> Ct(dl,dg,(P)
j=1

T -1
0
i_1(dy,d ' (dy,d
+ ;cj 1( 1 27(P>c]71( 1 27‘P>> ( C§1)<d2,cp) ) 9

(132) is

J=1

T -1
— (7 =) Nr (Z ¢j-1(1 — do, 70 — do, 900) 1 (1 = 80,70 — do, 900)>

X chq(l — 00, % — G0, o) < 0 " (7 — 60, #o) > bo + 0p(1)

j=1
T -1
= —(7 —)Nr (Z ¢j—1(1 — do, 0 — do, <Po)C;>1(1 — 09, Y0 — Do, LPo))
j=1

T
00
X ch—l(]- - 50770 - 507 800) ( Cj—l(1 - 507‘PO) 6591(70 - 50a (PO) > ( 0 1 ) ¢U + Op(l)‘
j=1

(133)

Now we note that by (122) it can be straightforwardly shown that c (d p) =cj_1(d, @) (log j)(1+
0(1)) and apply summation by parts,

ZCJ 1(dy, _)1(612, ®) = ch—1(d1, ®)cj-1(dz, p)(log j)(1 + o(1))
= (logT) chfl(dla ®p)cj-1(dz, @) (1+0(1))
] (log(k + 1) — log k) Z cj—1(di, @)cj—1(dz, o) (1 + o(1)).

Because log(k+1) —logk = log(1+ k') = k=1 +O(k™2), see Abramowitz and Stegun (1970,
p. 68, eqn. 4.1.24), we find that 31, ¢j_1(d1, @)c}”; (da, ) = (log T) Y21, ¢j-1(dy, @)cj—1(dz, @) (1+
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0(1)), see also Lemma 13. Inserting this result into (133), we find that (133) is

45

N T1/2=% 0 0 0 0

(134)
Next, proceeding as in the proof of (123), using Lemmas 6, 7, 10, 11, and 13, it can be
straightforwardly shown that the second term on the right-hand side of (131) is

1 0 1 0
( 0 L ) > elbir+o,(1) = ( 0 0 ) tzataw + o0, (1), (135)
where
1 L 1 L w18
0 - _ - F2(1760)(17250) F(l*go)r(’yOf(So)(’yon(So) T1/2760
t, T (1 ) 1 1 mt—1(70—00) :
PUL Po T(1—60)T (70—00)(70—280)  T2(v0—00)(2(v0—d0)—1) Tr0-00-1/2

Therefore, collecting (131)—(135),

N — — ( 1 0 ) thr:l gtetzT
Vel - = (st Y o) (130
Using summation by parts and (128) it can be shown that
1 T [e%S)
T2 D (1 0)6r Y m(eg)e; = op(1). (137)
t=1 j=1

Additionally, as in the proof of (126), and noting that the two main terms corresponding to
the two terms in g; (1 — dg, o — dp) cancel, it can be shown that

T
1
Tro—b=1/3 Z (1 0)6:7g,7(1—do, 7 — ) = o(1), (138)

t=1

Z (5)

-1
1
_ ( 2(1- 50 (1—260) F(1—50)F(701—50)(70—250) > ( (1] ) + o(1)
)

and

Cp (1 ©o) =00 (0—0)(0—200)  T2(r0=30)(2(r0—00)—T)
T2(1 = 6o)(1 — 260) (70 — 260)?
- P2(L;p0) (70 — 1)
Then (26) holds by (136)—(139) using the Cramér-Wold device.
6.4 Proof of Theorem 2(i.b): the 7y — 1/2 > §, case with §, > 1/2

+o(1). (139)

The proof for this case (with dy > 1/2) is almost identical to that for case (i.a), but simpler.
The main difference is that now, by (169) of Lemma 14, it can be straightforwardly shown
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that
1 T
1
T 61/2 > (-6, @o)et’i (o — 00, o) = o(1),

t=1

1 T

'I"YOTO—UZ Z Ct_1<]. — (50, (po)&ft = 0p<1)' (140)
t=1

Using also (162), the consequence is that first term on the right-hand side of (121) is

Zéf c 5 © )Ele Cj—1(70 - 507 LPO)C§'17)1<’70 - 507 900)
tci—1(70 — o, Po

T 60 Tw=o-1/2 Z?:l 0?71(70 — 0o, o)

while the second term on the right-hand side of (121) is unchanged. Therefore, instead of
gt7(1 = 00,70 — o) We now have g; (70 — do) with

Cmad) S log () W) det—1
gi, T ) = ZJTZI 7T]2'_1(d) log (—T ) m-1(d),

+ 0y(1),

which satisfies

T
1
— ) .
1;“% V)7 T2 = 62 — o) — 1)

Hence, T~200-00) 82p2(1: ) S°1_, g27(70 — o) — vg, which proves the required result for
9 — Yy by an identical proof to that of (118), see also (125) and (129). To complete the
proof we note that (134) still holds for (the second element of) the first term on the right-
hand side of (131), whereas (the second element of) the second term on the right-hand side
of (131) is now o,(1) using Lemmas 6, 7, 10, and 11 together with (140) and (162).

6.5 Proof of Theorem 2(ii): the v, —1/2 < J, case

Similarly to (40), we decompose the loss function Ry () into the sum of two terms, Ry () =
Qr(1)+ Jr(9), where Qr(7) =T! Zthl s2,(7) is the loss function in Hualde and Robinson
(2011) and

T T
r9) = 309 ~ @)+ 7 Do) —sa@). (a1

Then R R R

and by the mean value theorem

where T is an intermediate point between 7 and 7y which is allowed to vary in different rows
of *Qr(+)/0Td7’. Inserting (143) into (142) we then find

— -1 — -1 -~
o (R - (Y o
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From the proof of Hualde and Robinson (2011, Theorem 2.2), the first term on the right-
hand side of (144) has a N (041, A™") limiting distribution and 9?Qz(T)/9707" converges
in probability to a nonsingular matrix. Thus, in view of (144), the required result follows
because T1/28JT(’:§)/6T = 0,(1) by Lemma 8.

Finally we prove (29). By (130), noting (28) and using Lemma 7 repeatedly, we find that

arr + aor + azr + G4
br

TY22%(fi — o) = +0,(1),

where

1
UT = T, 0 > cima(1 =00, @0)ci-1 (70 = o, @y),
j=1
1 a -
aor = _mﬁo Z ¢j—1(1 = o, o) hj—1,7 (¥ — o, Po) Z hie-12(Y = 0o, o) cr-1(70 = Go, o)
ey k=1

1
3T = 155, Z cj-1(1 — do, o)Es,
j=1

1 ~ ~
T =~ ps, Z ¢j-1(1 = do, o) hj—1,0(Y = do, o) Z hie—1,0(Y = o, Po)Ek;
j=1

k=1
. R 2
br = i 2 (1= b0, ) (o 1 (1= B0, p0)es (3 = o, py)
= ¢j—1\1 —00,®¥0) — 2 ’
Tl 200 = J Zle 0]2‘,1(7_507900)

and hy7(d, @) = ¢(d, go)(zj &1 (d, ))7V2. For T sufficiently large, by is bounded away
from zero almost surely by (172) of Lemma 15. Moreover, by direct application of (159),
(176), and (185) (noting that the latter two also hold for hyr(d, ), see (253)), it holds
that a;r = o(1), asr = 0,(1), and asr = O,(T?), while Lemmas 11 and 13 imply that
asr —a N(0, p*(1;¢,)/((1 — 200)T%(1 — dp))) by the martingale central limit theorem. This
proves (29) by choosing 0 < e.

7 Auxiliary lemmas
Lemma 1. Under Assumptions A1-A3, T~ 31| s2(899) —, 0.

Lemma 2. Under Assumptions A1 and A3, for any g > 0 and any k > 0, By # 0, and
either pig =0 or pg # 0,7 > 1+ K,

T
li nf
Tl—{gow 5>1/2+gllw Yol >g,pe® T2(0~ T2(0—8)-1 g
Lemma 3. Under Assumptions A1 and A3, for any k > 0, By # 0, and either pug = 0 or
NO?&O/YOZ 1+K/7

1 9dr(9) _ Bop(Lip) 2(y = 0)> = 2(y =) + 1~ (0 — )
T Oy ['(y0 — 0) (v —=08)2%(y0 +7—26 —1)2

+ gr(9), (145)
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where for any arbitrarily small o > 0, sups, 1_s<1 /244 lgr(9)| = o(1). Additionally, for some
fixed € > 0, which does not depend on & or T,
I P ) e forie1,... 146
S B 0> i 110
Lemma 4. Under Assumptions A1-A3, for any o > 0, k > 0, and 0 such that 0 < 0 <
min{s — 1/2, a}, for By # 0, and for either po =0 or py # 0,7 > 1 + K,

Z di (9 < |y = l|Mz(9)], (147)
where, uniformly in ¥ € =,
sup | Mp(9)| = O, (Tmx{0:9}+46+a), (148)
S0—8<g,70—8<1/2+a

sup  TIOVM(B)] = O, (T 2) (149)

So—0<g10—6>1/240
sup T26760770‘MT(,'9)| _ Op(flvmam{é,g}Jergf1/2)7 (15())

So—0>g,10—6>1/24a

sup T70| My (9)] = O, (17051112, (151)

S0—6<gmo—6>1/2+ay—5>1/2+0
sup T2~ Mp(9)| = Op(TmaX{‘g’g}_g_l/z). (152)

60—0>g,7%0—06>1/2+a,y—06>1/2+60

Lemma 5. Under the conditions of Theorem 2(i) it holds that:
(a) The first-order derivatives satisfy

T T
1 s (T 1 od, (9
TV Z (%) — &) 15(7 = 0 (1): gy 2 (1(D0) = <0) 5(70) = 0p(1), (153)
t=1 t=1
1 & 059 (0 1 a 059t (0
T1/2 Z St(ﬁO)—%i 0_) = 0p(1>7 m ZSK’&(O% — 0p(1). (154)
t=1 t=

48
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(b) The second-order derivatives satisfy

_Z 0s14(T0) 652t (o) ~ o(1) 1 KZ 0s1:(T0) Os9¢(90) —o,(1)
or I P T Oy Y
1 881t(70) 6dt(’l90) — 0 (1> 1 T 882t(’l90) 882t<’l90) — 0 (1)
Tho—% &= Or oy T & or or’ PR
1 d 852t(190) 352t('¢90) — 0 <1> 1 T 35%(190) adt(’ﬂo) —0 (1)
Tro=% &= Jr Oy Tt L= Ir oy
T 2 T
1 88215(’(90)) 1 882t(’l90> 6dt(190)
S = 0 1 s = 0. 1 s
T2(v0—d0)—1 ; ( oy p(1) T2(v0—d0)—1 ; oy oy »(1)
T T
1 0%51(9) 1 0?94 (0
P30 ) 1), S0 S o),
t=1 t=
T T
1 8 Sgt(’ﬁo) 1 8 dt(’ﬁo) o
T200—d0)—1 ;St(%) 2 n )»mg +() oo p(1),
T
1 0%dy ()
T2(r0—d0)—1 Z st(Jo) o p(1)
t=1

Lemma 6. Under the conditions of Theorem 2(i), for some fized 3 > 0, T”(1A9 — ) —, 0.
Lemma 7. Let T — 79 = O,(T%) for some s > 0. Then, under Assumptions A1-A4,

c(0,@) = Ct((50> @) + Op (Tt 1712 log 1)?), (155)
0.2) = iV (00, @) + Op (T gm0 71=N (Jog £)3), (156)
and, uniformly mt=1,...,T,
t—1
p(L; @)uy(d — 6) = ij Jur— (6= 00) = Y pi(o)ur—j + Op(T7).  (157)
j=0

Lemma 8. Under the conditions of Theorem 2(ii), TY20J7(9) /0T = 0,(1).
8 Technical lemmas

Lemma 9. Uniformly for max{|al,|5|} < ao, Z] ljo‘ L(t—7)~1 < K(logt)tmaxiati-la=1,5-1}
Lemma 10. For any d > 0 and any fized a > 0, as T — o0,

t+a 2
-1 _, -1 _, d—1
MR S G LR ol GO et
Lemma 11. Let j > 1 and K denote any compact subset of R\Ny. Then
-
w=0) = g 1+ 60)) (158)

where max,ek |€;(v)| = 0 as j — oo. Thus, uniformly in j > 1,m >0,
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(i) mj(—v) > K3~ uniformly in v € K,
(i1) |aum mi(u)] < K(1+1logj)™s* " uniformly in |u| < u,
(iii) | 2T (u)| < KT7%(1 4+ |log(j/T)|)™5%! uniformly in |u| < ug.

oum

Lemma 12. Under Assumptions A1 and A3, uniformly int = 1,...,7T and T > 1, for
m >0,

sup M' O@max{g 1—1- g}(logt)m), (159)
d<g,pEW odm
sup |2 p=de,(a, w' = O(T 9110 (1 1 log(t/T))™).  (160)
d>g,pev odm

Lemma 13. Under Assumptions A1 and A3,
T

1
WZ i1(d, ) TQd - Z d) + |rr(d, ), (161)

t=1 =1

where, fOT any mn > O; Supd21/2+n,cpe\lf ‘rT(d7 ‘P)| = 0(1)

Lemma 14. Under Assumptions Al and A3, for any d < d and o such that 0 < a <

(= 1/2)/3,

T
inf Zch(da p) > 1, (162)
d<d<d, cpE\Ilt 1
] (d, ) = —+o(1 163
1/2— a<di111/g+a pE T2d 1 tzl:ct 1(d; ) +O( ), (163)
1
inf th 1 d ‘10) > e+ O(l) (164)

12 ta<d<dpew T241

for some fized € > 0, which does not depend on o or T.
Additionally, for any o > 0 and g > «, and for m = 0,1,

T
sup > caldi )ea(da, ) = O(1), (165)

d1<1/2—0,d2<1/2—av, goE\I/t :

1 m
su ci—1(dy, @)ci—1(da, ) = O(T*(logT)™), 166
d121/2+g,d2§pl/2—a,apeq; Th=1/2 Zadm 1, P)ea(dz, @) (T (log T)") (166)

1
su — ci—1(dy, p)ci_1(da, ) = O(T?), 167
dlZl/?—a,dQSpl/Z—a,LpE\Il Tdi—1/2 tzl ! 1( ! LP) t 1( 2 LP) ( ) ( )
) T

sup = G (di, ) = O(T™), (168)

2d;—1
d1>1/2—a,pe¥ T —1

1 —x
sup Tdi—1/2 Z ci—1(dr, p)ce—1(dz, p) = O(T"*log T). (169)
t=1

di1>1/240,d2<1/2—a,pe¥
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Finally, for anyn >0 and 0 > —1/2 — o, and for m = 0,1,

1 ™m

sup
d1>1/2+0,d2>1/240
di+d2> 141,00

Tditd—T Zadmct 1(d1, p)ei-1(da, o) = O((log T)™).

51

(170)

Lemma 15. Under Assumptions A1 and A3, for any a > 0 and k > 2, there exists a fixed

e > 0, which does not depend on o or T, such that, uniformly in |d; — da| > &,

T T
iqf Zcf_l(dl, Zc 4 (da, (th 1(dy, p)c1(da,
t=1

di<g—a j=1 t=1
dggé—a
T
o (S0 crmald p)era(day o
inf e | S () -
1 2d1—1 t—1 ’
5ta<di T —1 Zt 1ct 1 dg,
1 T T T
: 2 2
. <1(Iilf<l+ T2di—1 E c;1(di, o) g ijl(d%‘P)— g ci-1(di, p)ci1(da, ¢
2 2‘11172 « t=1 j=1 t=1
255~
T
1 T 9 ( ) (Zt 1Ct71(d17 Ct 1 d?a
inf E C dl @) —
1 1 2d1—1 t—1 !
j-osdi<ita T =1 Zt 1 G (do,y

1—a<di<i+a

1 1 t=1
s—asde <5+«

t=1 j=1

(171

)

(172)

)> +o(1

(173)

)

(174)

T T T 2
i 1 €
inf | aem— D (die)> )y (da, ) — (Z ci—1(dr, p)ee-1(da, 60)> = —+0().

(175)

Lemma 16. Let ¢ and x be arbitrary positive numbers such that 0 < 0 < min{s —1/2,r/2}.
Then, under Assumptions Al and A3, for any real numbers d,,dy, < 1/2 — 0 and dy,dy >

1/2 + 0, uniformly in |dy — dy| > k and in t, k = T and T > 1,
sup Hhtfl,T(dla do, )| = O(t~*0T7),
dy€ldy,di],da€ldy,da], €T
T
sup Z hiar(di, )| = O(T?),
dy€(dy,di],, €V | t=1
sup ||h’t,T(d17 d27 CP) - h’t—l,T(dla d?ﬂ SO)H = O(t_3/2_9T9)a

di€ldy,dy],da€ldy,da], 0 €V

sup

d1€ldy,d1],do€ldy.da] €Y

ddy

(176)

(177)

(178)

(h; 1 T(dl, dg, )hk,LT(dl, d27 Qp)) ‘ — O(t*1/2791€71/2749TS9>7 (179>
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0
sup 8d ((htT(db dy, ) htq,T(dl, dy, 90))/hk71,T(d17 dy, ‘P))
d1€[d;,d1],d2€dy,d2], €T 2
— Ot *3/2*%*1/2*9T59), (180)
Additionally, for any o such that 0 < a < 6,
0
sup BT (R,_y 7 (di,do, @)1 7(dr, do, )| = O V27272,
di1€[d;,d1],d2€[1/2+0,d2],pE T 2
(181)
0
sup 9 ((ht 7(di,ds2, ) — ht—l,T(dh ds, 90))/hk—1,T(d1, da, p))
di1€[d;,d1],d2€[1/2+0,d2], €T 2
— O( 3/2—ak,—1/2—o¢T204)’ (182)
Lemma 17. Under Assumptions A1-A3, uniformly int=1,...,T, T > 1, and p € V,
sup [p(Ls @)us(—d)| = 0,(t"* + log (g = 1/2) +I(g < 1/2)), (183)
d<g
sup [T p(L; @)us(—d)| = Op(T~(#"/2 + log (g = 1/2) + I(g < 1/2))).  (184)

d>g

Lemma 18. Let 0 and k be arbitrary positive numbers such that 0 < 0 < min{c —1/2,k/2}.
Then, under Assumptions A1-A3, uniformly in ¥ € Z and int,k=1,...,T and T > 1,

T

_sup Zp (L; @)us (6 — 8o)hy_1p(1 — 8,7 — 6, )|| = O, (T™x109}), (185)
0—0xg
d )
sup Z (L; p)us (6 — (50)a (hy_y 7 (1 =08,y =6, @)hy_10(1 — 6,7 — 6, go))‘
—0<g 1 Y
— Op(k 1/2 9Tmax{9 g}+59) (186)
ot T S oL 95— Sl 11— .7~ 6,0)|| = O, (709 0), (157
07029 t=1
1 |< 9
S T ;p(L; p)u (0 — 50)8—7 (hio1r(1 =0,y =6, @)hi—17(1 = 6,7 = 6,9))
_ ()p(kf1/270f]vmaux{e,g}fg+59)7 (188)
T
0 (1)
sup > (L )us(6 — 50)8_ (Ri1 (1= 0,7 =0, @)hy17(1 = 6,7 — 6,9))
S0—0<gy—0>1/2+0 |4 8
_ Op(kfl/ZfHTmax{Oa,g}JrO)’ (189)
1 | 0
- _— L: o) (6 — 60)—= (B, (1 — 6.7 — 6.0V hp_yp(1— 6.9 — 6.
I T ;p( P)u( o)67 (Ri12( v =6, ¢)h_17( ot @))‘

_ Op(k—l/Z—GTmax{O,g}-‘rG—g)‘ (190)
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Lemma 19. Let 0 > 0 be an arbitrary number. Then, under Assumptions Al and AS3,
uniformly in 9 € =,

sup |13 a0 = 8 @)hura(1 = 0,7 = b.9) || = O@™100=1/2) - (191)
Y0—0<g || 1=
1
sup th 1Yo =0, p)h_17(L—=6,v—0,)|| = O(Tmax{e’g_l/Q}_g). (192)
Yo—3>g To=0

Lemma 20. Under Assumptions A1-A3, uniformly in 9 € =,

T
1
sup = > p(Lip)un(8 = do)ci-1(0 — 6, )

So—8<g1.70—5<gs 1 —1

= O, (T 792732 1 T~ (log T) + T9 /275 4 Tmax{92720} (109 T)?1 (g, < —1/2)),  (193)

T
1
su _ L; p)u (0 — dg)c— — 9,
6076291,'53*5292 Tro+o0=20 tz; p( 90) t< O> t 1(% ‘p)
= O,(T7 V2 4 TV29275 L T=91792(log T) + T~ (log T)*1(g, < —1/2)). (194)

Lemma 21. Let n, a be arbitrary positive numbers such that o < n+ 1/2. Then, under
Assumptions A1-AS3, uniformly in 9 € =,

T
1
sup - Zp (L; )us(0 — do)cr—1(d, )| = O,(T™7), (195)
S0—8>1/2+n,d<1/2—a 1207 | 4=
1 T
su _ (L; p)ui (0 — do)er—1(d, = 0,(1). 196
50_521/24_5(121/2_& T§0_5+d_1/2 ;p 90 t 0) t— 1( ‘p> p( ) ( )

Lemma 22. Let Z;,t =1,...,T, be arbitrary. Then

T

ZZQ ( T2 +0(T" ));(Alth)z, (197)

where the O(T3) term does not depend on any parameters.

9 Proofs of auxiliary lemmas

9.1 Proof of Lemma 1
We first find that

T
Z 5t (Do) :TZ (L: o) (ud(t > 0)))?

T
> oL o) (wel(t > 0))hy—1.7(1 = do, 70 — b0, o)

t=1

1

- = , (198)
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where .
p(Ls o)l > 0)) =2~ 3 pilepy)un.
j=t
It can be straightforwardly shown that

> pileo)u; = O, (t71/77)

j=t
by Assumptions Al and A2. By simple application of Lemma 16, the second term on the
right-hand side of (198) is O, (T?~!) = 0, (1) by choosing § < 1/2. Then the required result

holds because T3 €2 —, 62 by a law of large numbers.
9.2 Proof of Lemma 2

Letting o > 0 be arbitrarily small (in particular o < min{(¢—1/2)/3, g, x/2}, which implies
a < 1/2) and defining the sets

={¥e=Z:1-0<1/2—a,v—06<1/2—a},
={9e=Z:1-0<12—a,12—a<~y-0<1/2+a},
P;={dec=:1-0<1/2—a,y—06>1/2+a},
oy={¥ec=:1/2-a<1-0<1/24a,7v—0<1/2—a},
={9ec=Z:1/2-a<1-0<124a,1/2—a<~y-06<1/2+a},
Pg={9e€=Z:1/2—a<1-0<1/24+a,y—06>1/2+a},
={9e=Z:1-0>124a,7v—56<1/2—a},
={9ec=Z:1-0>124,1/2—a<~y-06<1/2+a},
Pg={¥ec=:1-0>1/24a,v—0>1/2+a},

the result holds on showing that

T
lim inf Z (199)

T—00 {y9—0>1/2+g,[y—v0[>g}NP; T2(’Yo —d8)—

for j =1,...,9. Clearly,

1
Zdz TQ'yo d)— ¢Ozct 1 1_57’70 6 QO)Ct 1(1_57’70_67§0)¢0

’YO(S

1
_T(,de)OZCt 1(1=6,7% —0,)h;_1 (1 =8,7—0,p)

t=1
T
X Z hj_1(1—46,7 -0, ‘P)C;'fl(l —0,% — 0, ¢) ¢y (200)
j=1

The first term on the right-hand side of (200) is

1
T2 51 D (o1 (1= 6,90) + Bocr—1(70 — 6,9))%, (201)
t=1
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so, noting that Sy # 0 and either g = 0 or g # 0,7 > 14k, and also yp—0 > 1/24g > 1/2,
the second term within the parenthesis in (201) dominates. As will be seen, the proof of (199)
changes substantially depending on whether none of 1 — § and v — § are larger than 1/2 + «
or not. We deal first with the former situation, which corresponds to cases j = 1,2,4,5.

Specifically, noting (200), (201), and By # 0, |y — Y| > g, by application of Lemma 13,
(199) for 7 = 1,2,4,5 holds on showing that

lim inf Zﬂ't (0 —96) > ¢, (202)

T30 79—631/24g T2(0—8)—1
2

! = o(1). (203)

Sup T2(0—0)-1

{10—6>1/2+g,lv—0|>g}NP;

First, we show (202). By Lemma 10 and (158) in Lemma 11,

T
Z Ct—l(’YO - 57 So)ht—LT(l - 57 Y= 57 90)
t=1

1 T t 2(v0—6)—2 1
inf inf — — =€— 1), (204
Yo— 5>1/2+g TQ(WO 8)-1 Zﬂt 1 = 670751;/%9 T tz:; (T) €2g+0( ), (204)

so that (202) holds by taking limits as 7" — oc.
Next, we show (203) for j = 1. Clearly,

2

1 Nir 4+ Nop + N.
T2(0-0)—1 ;Ct 100 =0, @)hi1 (1 =06,y =b,9)|| = 1;2(70_52)T_IDT3T7 (205)
where
T 2 7
Nir = (th 1(70 — 0, p)ci1(1 =6, ‘P)) cia (v =0, 9),
t=1
T 27
NQT = (Z Ct—1 ’70 - 5 @)Ct 1(7 5 90)> Zc—l(l _5’ QO),
t=1
T T
Nap = QZCt 170 =6, p)ce (1 =96, @)ZC 1(70 — 0, p)ci1 (v — 0, )
t=1 t=1
T
x> il =8,@)a(y—6.¢),
t=1
T T T 2
Z G a1=06,0)> (v —69) (th—l(l_5790)015—1(7_5790)) .
t=1 t=1 t=1

Thus, (203) for j = 1 follows by (165), (166) of Lemma 14 and (171) of Lemma 15. Next
we show (203) for j = 2. Noting (205), the proof consists on showing that the infimum of
T'=200=9 Dy can be made arbitrarily large by setting « sufficiently close to zero, and also
that the supremum of 727200=0)=2(0=0) (N1 4+ Nyp + Nap) = O(1). These results follow by
(173) of Lemma 15 and (165), (166), (170), (167), (168) of Lemma 14, respectively. Next,
the proof of (203) for j = 4 is basically identical to that for j = 2, so it is omitted.
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To prove (203) for j =5 we now write
2

T
Z —0,p)hi17(1 = 6,7 = 0,9)|| = Air + Asr + Asr,

T2(70—6)—1
where
1 T 2
T2(0—9+2(-5)—2 (thl ci-1(70 — 6, p)cr—1(1 — 6, <P)>
YL e 1(1-5@)c-1(v-59))" )
T2(1=-6)—1 5) 1 (Zt 1ct 1( _57 ‘P) - ( = ZtT:lC?fl(W—(S%P) ) )
2
TR (ZL ci—1(% — 6, p)ce—1(y — 6, <P)>
YL e1(1-8@)c-1(-59))" )
W (Zt lct 1(’7 5 (P) ( = Z?:l 0371(1_5780) ) >
T
TQ(WO—5)+2(w1—6)+2(1—5)—3 >oi=1 G—1(70 — 8, @)1 (1 — 6, )
T T T 2
(thl G a(1=0,) > iy —0,p) = (thl i1 (=6, )i (v =6, qo))

" S0 =6, @)ci(v—6,¢0) S ci(l —8,¢)ci1(y — 6, )

1
T2(v=8)+2(1-3)—2

Air =

Aoy =

Asp = =2

The proof now follows straightforwardly by application of (170) of Lemma 14 to the numer-
ators and (174), (175) of Lemma 15 to the denominators.

Next we show (199) for j = 3. We use the decomposition (205), and first note that, by
(162), (164), (166), and (169),

sup T' 2009 N1 /Dy = o(1).

{10—=0>1/2+g,|v—0|>g}NP3

Similarly, by (162) and (169),
T 2
Nop 1 (Zt:l ci-1(0 — 0, p)ci—1(y — 6, <P)>
200t Dy - T2o0=0t Y da(r=0,¢)

where Supg, 551 /214, 1y—o[>g}nas |07 (F)] = o(1). Additionally, by (162), (164), (166), (170),
and (169),

+ qlT(ﬁ)>

sup Tl’Q(VO’J)NgT/DT =o(1).
{r0—021/2+g,lv—v0|=2g}NPs

Collecting all these results, by very similar steps to those in the proof of Lemma 13, noting
that v —d > 1/2 4 g, it is straightforward to show that

2
v (z; mi1(90 = O)mia (v = 9))
T2(v0—8)—1 Z T2 Y0 5) 1 Zﬂt 10 ZtT—1 T (v —9)

+ qar(9), (206)

56
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where Supy, _s>1/24 430, [q2r(9)] = o(1). Next, using (158) of Lemma 11 and approximating
sums by integrals, see Lemma 10,

| (Ehmat =9t - )

inf - B

{70— 5>1/2+g —0l=gyn@s T30~ T2(0=0)-1 Z -l ZtT 17rt2 (v —9)

> e inf 1 1 - goms-y _ AT

T {r0-621/24g,ly—0l2g}n®s T2(y9 — 0) | T2(0=9)~1 —1 T2(—y 5)—1 Zt 1t 20=0-1)
. - (70 — 7)?

n —o(1
{10—-0>1/2+gy—0|>gtn®s T2(70 — 0)(2(70 — ) — 1)(v0 + v — 26 — 1)? W
2
g
> Hlf — 0 1 )
- e'yo 5>1/2+9 [2(y9 — 0)2¢g(cx + g)? (1)

which is positive and bounded away from zero, to complete the proof of (199) for j = 3.
Next we show (203) for j = 6. Similar to above,

T
Nir + Nor + N,
2 1T 2T 3T
s S 00) = e (o)~ SN )

where Sup g, 551 /21g.1y—o[>g}nas [237(F)] = 0(1). Noting that

2
Nir <m thzl ci-1(v0 — 0, p)ci1(1 =6, ‘P))
T2(v0—9) lDT -

2
(m S Ct71(1*5,¢)0t71(’7*5,¢))

1 1 2
5= E _1 Ci_ 1Y )
T20-9-1 Lat=1" 1( ’ QO) T2(1%5)—1 Yo (1-6,0)

T
T2(v£6>—1 Zt:l Ct271('7 —0,¢)

X 1 T ) )
T2a-38)-1 Zt:l i (1=46,¢)
2
Nop (TWo—éwl“v—é—l 2f=1 thl('YO — 9, ‘P)thl(’y — 0, 90)>
T2(70_6)_1DT - 1 T 2 (% Ethl Ct—1(1*5:¢)ct—1(7*57¢))2 ’
TR Zt:l (Y= 0p) =7 T2(1Tlé)71’ Simi i (1-0.p)
N3T o _QW Zzzl thl(’YO - 55 QD)Ct71<1 - 57 90)

2
(m S Ct71(1—5,¢)6t71(7—5,¢))

1 T 2
510 1 G (Y — 0, ) —
7T 21 1 (Y = 0,) T et 1 (1-0,0)

S e D i —d,@)ea(y—0,)
t=1
« m Zthl ci-1(1 — 6, p)ci1(y — 6, p)
T 3
Tt 2oim1 G (1= 0,)

and using (163) and (170), the proof follows by identical steps as those given in the treatment
of (206). Next, the proofs of (203) for j = 7,8 are omitted because they is identical to those
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for j = 3,6, respectively. Finally, we show (203) for j = 9. The proof is relatively similar to
that for j = 3. In particular, by the same methods as applied in the proof for j = 3, it can
be shown that

T

T
1 2
(vo—0—1) _ p2.2/7.
0T DA p*(1; So)mzt 0 Bopr~(L; )
t=1

t=1

( T"/(H-l Tyo+1—25—-1 Zt— ot WZt groty =202 )

—1
2(1—6—1 14+y—26—2
( T2(1 6) I Zt 175( ) T1+~/—26—1 Zt:lt K >

14+y—26—2 1 T 12(y=6-1)
T1+W TI+~y—25—1 Zt 1t T2(v=9)—1 Zt:lt

$1-26-2
( T'Yo+1 TroFi—26—T Zt 170 ) + g3 (),

e = YN L

X

X

X

where Sup (., _s>1/244)na, [437(9)] = o(1). Then, using (158) of Lemma 11 and approximating
sums by integrals, see Lemma 10,

T
inf e 24
fr0-621/2+g, 0| 2ghnbg T200- —

> . inf (70 = D* (0 —7)?
T {0-821/2+g,ly—0l>g3n®s T2(79 — 8)(2(v0 — 0) — 1) (70 — 26)% (o + v — 20 — 1)?
202
E—g
~ 2g(a+g)t

which is positive and bounded away from zero, to complete the proof (203) for j = 9, and
hence that of Lemma 2.
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9.3 Proof of Lemma 3
To prove (145), first note that ddp(19)/0y equals

T
/ a /
— 0> _ca(l—6,7%—6,¢) (%ct_l(l —6,7—74, cp))
t=1

T
X (Z cj—l(1 - 5?7 - 57 LP)C;'—l(l - 577 - 57 @)) Z cs—l(1 - 67 Y= 57 90)
7=1

T
- ¢E)th—1(]- - 57 Yo — 5) SO)C;—I(]' - 577 - 5) QO)

t=1

X(ch—l — 6,7 —=6,¢)c;_1(1—0,7— 5<p) >

s=1

1 577_&90)

S

T
+ ¢6 Z Ct,1(1 - 57 Yo — 57 QO)C;,l(l - 57 Y= 57 SO)
:T B
X ch—l(l - 577_57 Qo)c;‘fl(l _577_ 57 (P>>
Jal .
X a_’}/j;cj1<1_6’7_6750)0;_1(1_6’7_5’90)>

—1 T

T
X ch—l(l —(5,’7—5790)09—1(1 7’}/ 5 ¥ ) ch 1 577_57 (‘0)
j=1

Note that in U' ,H; we have vp —d > 1 +npand v — 6 > 1 +1n — o. Setting T, =
{9e=:1-0<1/2—a}and To = {9€=:1/2—a<1-§<1/2+ a}, we show (145)
with

sup |gr(9¥)| = o(1) for j =1, 2.

Hi, X

We first give the proof for j = 1. By (159), (160) of Lemma 12 it follows immediately that

SUPF, v, [Yorey 1 (1 = 6,0)| = O(TY27%) and supsg, v, T2~ ‘ZL (=94, @)‘ = 0(1).
Using Lemma 13 and (165), (166), (170) of Lemma 14, it can then straightforwardly be
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shown that
1 ddr(9)
Tr=0 Oy
‘ O Y e ~ _s
B Bop(1; ) Zj:l Wg—l(’y ) Zj:l Tj-1(70 )mj—1(y —6)
Tro=e erzl m (v —90)
2y (=) Lm0 = Oy = 8) U mie(y = Ot (y = 9)
(ot iy = 6))?
Zj:l 7Tj—1('7 ) Zj:l 7T]_1(70 )7T]_1(’)/ )
+ T 5 + g1,7(9),
Zj:l 7Tj—1(7 —0)

where supz;, v, |91.7(9)] = o(1). Now, substituting (122) into (207) (noting that the con-
tribution of 1 (d) cancels), approximating ¢ (d + j) by log j, introducing log 7" terms (which
cancel) and using (158) in Lemma 11, it can be shown that

1 9dr(9) _ Bop(1; ) (Z?l log(j/T)j%aflz;Fﬂ jrotm20=2

a T  ov_25-2
Zj:1] 7

(207)

Tw= 9y T(y—08)T?

92 2521 jy—é—l 23“21 j70+772572 2521 log(j/T)j27—26—2
(25:1 j21-20-2)2
2?21 gt 2?21 log(j/T) g2
Z;ff:l j27-20-2

where supz, v, [g27(9)| = o(1). Finally, (145) then follows by approximating sums by inte-
grals, see Lemma 10. The proof for 7 = 2 is almost identical to that for j = 1, just not-
ing that, by (160) of Lemma 12, supy;. v, 7°* ‘Zthl c—1(1 =9, go)‘ = O(1), and also using
(163) (for a small enough) and (170) of Lemma 14.

Next we show (146). Define dr(7,v) = dr(9). Because dr(T,7) = 0, the mean value
theorem yields dr(T,7) = (v — v0)9dr(T,7) /07, where |5 — 75| < |7 — 70/, so the left-hand
side of (146) can be bounded from below by

_|_

) + g2.0(9), (208)

2 2

: : 25¢ 2 1 63T(Ta7) 2 9 : 1 ac—lT("'ﬁ)
lim inf T (y =) < > &° lim inf T o :

T—oo3;1-6<Li+a To—0 8’7 T—007;1-6<1+a

Thus, (146) follows if

2

. . 1 aaT(Ta ’7)
1 f > 209
Tl—{lgoﬁi,liglg%Jra <T70—(5 8’7 €, ( )

which, noting that 9 —d > 1+ nand v — 06 > 1+ n — p, is a consequence of (22) and (145)
because
inf (2(y —0)* —2(y = 9) + 1 = (90— 9)) =inf (2(y = )" = 3(y = 0) + 1 = (0 — 7))

>2(n—0)* +n—20>0.
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9.4 Proof of Lemma 4
Letting dy(7,7) = di(9), noting (39) and that d;(7,vy) = 0, by the mean value theorem,

>0

where [7 — Y| < |v — Yl and

<[y =0l [Mr(9)|],— ,

T
5 > pILPu(5 — B (1= 6.7 )
t=1

T

Z j— 1T 57 590) (1_5770_57<P>¢0

Thus,

Q.
| My (9)] < KZ Zp (L @)us(3 = 00) - (hia.p (1= 6,7 = 6, @)hyorr(1 = 6.7 = 6,0))

j=1[t=1
X [lej-1(1 = 6,7 — 0, ¢)||-

Then (148) follows by (159) of Lemma 12, noting that for 79 > 1+x the second component of
¢j_1(1—6,7—0, ) dominates, and (186) of Lemma 18. Similarly, (149)-(152) all follow using
(160) of Lemma 12 together with (186), (188), (189), and (190) of Lemma 18, respectively.

9.5 Proof of Lemma 5
The proof is omitted as it is very similar to that of Lemma S.5 of Hualde and Nielsen (2020).
9.6 Proof of Lemma 6

As in the proof of Theorem 1(i), noting (32), (33), (41), (45), the result holds on establishing
that

Pr ( inf Sp(d) < O) — 0as T — oo, (210)
DM
Pr (5 e N.nM?, inf  Rp(T,v) — Rr(T,%) < O) — 0 as T — oo, (211)
NinMz

where
Mf={0€Z ||t -7 <eT™}, M.={9€Z:eT "< |77 <e},
N ={9€Z:|y -l <elT "}, N.={0cZ:eT 77 <|y—m| <e}.
We first prove (210), which, defining J; = {9 € M. : 6 € T} for i = 4,5, holds if

Pr (19f Sr(9) < 0) —0asT — o0 (212)

for i = 4,5. Note here that 9 € M. implies |7 — 7¢|| < &, so necessarily § € Z, U Z; and
there is no need to consider the intervals Z;, Z,, Z3. Clearly, (212) for ¢ = 5 would hold if

Pr (igf T?#Sr(9) < 0) —0asT — oo, (213)
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Proceeding as in the proof of (46)—(48) for i = 5, (213) holds if

igsf T?%U(T) > €, (214)

%Z ((p(Li o) el > 0)))* ~ o) = 0,(1),  (215)

Sup ﬁ tzT; ((p(Ls p)ur(d = 00))” = E((p(L; @) A w)?)) = 0,(1),  (216)
sup T112 gdt('ﬂ)st(ﬁ) —o0,(1),  (217)

p (ip@; @)1s(0 — o) (1 = 6,5 =, w))z =0, (1) (218)

Clearly (214)-(216) hold as in (S.152)-(S.154) of Hualde and Nielsen (2020) and the proofs
of (217), (218) are omitted as, for small enough s, they follow by almost identical arguments
to those of (53), (54), respectively.

Next, the proof of (212) for i = 4 is omitted because it is implied by almost identical
results to (46)—(48) for i = 4. The only difference is that now e7* < || — 7¢|| < ¢ instead
of [[7 — 7|l > ¢, but this does not make any difference. This completes the justification of
(210).

Finally, we prove (211). For the same reason as in the proof of (41), we need to prove that

2

B T 1Zd (219)

TZ% T
Eup W Zdt<’l9)81t(7') :Op(l), (220)

YEN-NM; =1

2
SUp o 5) - (Zsu hj1r( 5,7—5,50)) = 0p(1). (221)
196NEQM*

As in (60), the proof of (219) follows by Lemma 3, whereas the proofs of (220) and (221)
hold as in (43) and (44) for s > 0 sufficiently small.

9.7 Proof of Lemma 7
First we show (155). Clearly,

t

(0, @) = el o) = 37y (B) = p3{6p0)) s (B0) + > (s () = iy (o)) s (i)
+ Z p3(@) = p1(0))(m1-5(8) = mi5(%0)): (222)

Fix € < 1/2. Then
pi(@) = pi(0) = (03(@) = piP)U1Z — @oll <) +TUE — 0ol Z ), (223)
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so by the mean value theorem the left-hand side of (223) is bounded by

N
pi(@) |~ P
903(¢) )H||<P—<Po||+Ksup 192 ()] JE =20l (224)
3g0 wEY

eN

lp—wpoll<e

for any arbitrarily large fixed number N. By (21) and the T~ *-consistency of 7, the second
term in (224) is of smaller order, whereas by (23) the first term is O,(T % -1 ¢). This
implies that the first term on the right-hand side of (222) is O,(T "tmax{‘so L - ~<}ogt) by
Lemmas 9 and 11. Next, by straightforward application of Lemma 11 and a second-order
Taylor expansion, m;_;(0) — m—;(6) = O,((t — 7)) (logt)T~*), so by (21) and Lemma 9
the second term on the right-hand side of (222) is O, (T~*tmax{%~L=1=<}(]og¢)2). Finally,
combining the arguments for the first two terms, the third term on the right-hand side of
(222) is of smaller order, to conclude the proof of (155).

The proof of (156) is omitted because it is almost identical to that of (155) with the only
difference that the coefficients Wt(i)]() instead of m;_;(-) lead to an extra (logt)-factor; see
Lemma 11. Finally, we show (157). Clearly, the left-hand side of (157) is

ij <Poutj+ZP] —p %)utﬂrng Yy (6 — 80) —ue—y).  (225)

7=0

Using the mean value theorem as in (223) and (224) and summation by parts, it can be shown
that the second term in (225) is O,(T~*). Similarly, by Lemma C.5 of Robinson and Hualde
(2003) and (21), the third term in (225) is also O,(T~*), to conclude the proof of (157).

9.8 Proof of Lemma 8
First, for any € > 0, clearly

Pr (HT1/28JT(1A9)/87'H > e> — Pr ( TY20.10(8) /07| > ¢, |7 — 7o|| < 5)

4 Pr (HTI/QaJT(@)/aTH > e, |7 — || > 5)

< Pr ( TV20070(9) /07| > €, |7 — 70| < e)
+Pr ([T — 1ol > 2).

Then, in view of Theorem 1(ii) and (141), the result holds on showing

sup i 3 (0(0) —sa (@) (25— 2 ) o) (226)
s D sulm) (57 = T ) = o) (227)
sup 50 P 649) — su9) = 0,01, (228)

recalling M. = {9 € = : |7 — 7¢|| < e}

63
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The proof of (226) follows upon showing that, for any # > 0 and € such that 0 < ¢ < 6,

sup |dy(9)] = O(gm><ln-doterlmiod) | p204=1/2-0) (229)
YeM,
sup [sx(9)| = O,(T*¢1/279), (230)
YeM,
od; (9
sup aif( ) H _ O(tmax{70—50+5—17—1_§} logt + ’_Z—'50t_1/2_6’)7 (231)
9eM., T
089 (9
9eM. T

and then letting 6 be sufficiently small. We only show (231) and (232) because the proofs
for (229) and (230) are very similar but simpler. First, by (159) of Lemma 12,

sup |e(7o — 6, )| = O(tm<o-fore-to1-) (233)
YeM,

and by a simple modification of that result,

dei(y0 — 8, )
oT

sup
YEM,

H = O(gmex{io—dote—1-1=c} |50 4). (234)

Then (231) follows by direct application of (179) of Lemma 16, (233) and (234), noting that
the bound in (179) also applies if the derivative is taken with respect to d; or ¢.
To prove (232), note from (38) that

Dsyu(9) 0 |, T
gr ~or (h’tlﬂl —0,7=6,%) ]Zl hj_17(1—46,7 -0, <P)> s1;(T)
d 0s1;(T)
! 145
+h o p(L—0,7—9,¢) Z hj_1r(1—29,v—4, QO)aJ—T (235)
=1

First, the supycy,. of the absolute values of the first term on the right-hand side of (235)
is O,(T%9t=1/2-9) by (186) of Lemma 18, noting that do — § < € and that this bound also
applies if the derivatives are taken with respect to 7. For the second term on the right-hand
side of (235), noting that 3",_, su(T) = Z;:o ¢i(60 — 8,¢) S_ w, it is straightforward to
show that, by (159) of Lemma 12,

¢ 881]‘ (T)

su —
b — or

veM.

‘ = 0,(t"**logt). (236)

Therefore, using summation by parts as in the proof of Lemma 18 and by (176) of Lemma
16, the supycy,. of the absolute value of the second term on the right-hand side of (235) is
O, (T?t=1/2-9) to justify (232) and hence (226).

Finally, (227) and (228) can be established by using summation by parts followed by
direct application of the results in (229), (231), (236), and Lemma 17, noting also that by
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previous arguments it can be straightforwardly shown that

sup |dt+1( ) ( )’ — (tmax{70*50+€*2,717§} + T2.9t,3/2,9)7
vYeM.
sup adt—i-l (’19) B adt(’l?) _ O(tmax{70*50+€72,71*§} logt + T50t73/2,9)7
YeM, 87‘ 87’
SUp |Sa141(9) — s20(9)] = O, (T*t73/279),
veM,
05941(9)  Os(V) 60/
- = O, (T¥t%*79).
19821155 oT oT p( )

10 Proofs of technical lemmas

10.1 Proof of Lemma 9

The proof of Lemma 9 is given in Lemma B.4 of Johansen and Nielsen (2010).
10.2 Proof of Lemma 10

The proof of Lemma 10 is given in Lemma S.10 of Hualde and Nielsen (2020).
10.3 Proof of Lemma 11

The proof of Lemma 11 is given in Lemma B.3 of Johansen and Nielsen (2010) and Lemma A.5
of Johansen and Nielsen (2012a).

10.4 Proof of Lemma 12

The proof of Lemma 12 is almost identical to that of Lemma 1 of Hualde and Robinson
(2011) and is therefore omitted.

10.5 Proof of Lemma 13

First we show that

T

S (dg) > PEOIS 2 iy ad )] (237)

t=1 t=1

1
T2d—1

By (17),

thldso > p’ 19@2% Zml d)> " pr(e)
—2p(1; ) Z mi-1(d) Z T (d—1) Y proroi(ep)
T 0o t—2 k
Y @ ) mad= )Y i) (239
t=1 j=t k=0 1=0
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Because of (21), the fourth term on the right-hand side of (238) is of smaller order than the
third term. Then the proof of (237) follows on showing

1
Sup T2d—1

d>1/24n,p€V

> wl(d)Y ()| = o(1), (239)
t=1 k=t

sup

1
d>1/2+n,p€EW 241

S ra @Y = DY gl = o). (240)

1=
First, by (21) and Lemma 11, the left-hand side of (239) is bounded by

T " 2d T " 1+2n
K sup TY (T) 2 < KT (T) g2
t=1 t=1

d>1/2+n

T
S KT*Qn Zt*1+2’n*§ — 0(1)7
=1
so (239) holds. Similarly, the left-hand side of (240) is bounded by

TNt L e
K sup TZ (T) t! Z (T) k2t —k)~°
t=1 k=1

d>1/2+7

T t—1
< KT~ Z 1~ 1/24n Z l{;’3/2+’7(t —k)*
t=1 k=1

T
< KT~ Zt—1/2+n+ma><{77—3/2,—c,n—<—1/2}(1 +logt) = o (1)
t=1
for any > 0 because ¢ > 1/2, where the second inequality is due to Lemma 9. This
concludes the proof of (237). Next, we show that

1 2 P*(1; ) - 2
21 > ) < N Dt (d) + rax(d )l (241)

t=1 t=1
which combined with (237) is sufficient to prove (161). In view of (17), the proof of (241)
follows by (239), (240) and

sup %Zﬂ—?—l(d) (Zm(@) =o(1),

d>1/2+n,p€¥

1 T [t-2 k ?
SUP Taat1 Z ( T (d — 1) Z pt_1_z(90)> = o(1),
k=0 =0

d>1/24n,pEY =2 \ e

which follow by straightforward arguments using (21) and Lemma 9.
10.6 Proof of Lemma 14

The proof of (162) is immediate because
T

inf ZC?A(CL p)> inf c(d,p)=1.
d<d<dpeV ‘= d<d<d,pEV
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For the proof of (163), we first truncate the summation,

T
inf T 2cht (d, ) > inf T2 Z 2 (d,p). (242)

1/2—a<d<1/2+oa,pEW¥ 1/2—a<d<1/24a,pEV
t=[T1/2]

Then, noting (238), the right-hand side of (242) is bounded from below by

€ inf Z 7 (243)

1/2—a<d<1/2+a T2d 1
T1/2]

K T
- sup =T | D> Tl ZPZ (244)
]

d—1
1/2-0<d<1 /2 apew T2 20,

T t—2 k
K
— S atapey T2 D mald) D mea(d=1) Y prale)]. (245)
] k=0 =0

1/2-a<d<1/2+a,p€E My

First, noting that sup,s,/y_,(t/7)** = (t/T)'7**, by (21) and Lemma 11, it can be readily

shown that (244) is O(T*~/?) = o(1) because a < (s —1/2)/3 < /2. Similarly, by identical
arguments, (245) is bounded by

T
KT2 Z = 1/2— azk_ 3/2— a k)< KT2 IOgT Z t71/27at7<
T1/2] t:[Tl/Q}

< K3/ 241/4=¢/2 logT

by Lemma 9. Then (245) is o(1) because a < (¢ — 1/2)/3. Finally, by (158) in Lemma 11,
(243) is bounded from below by

1 T 1 T + 2a—1 1
f 2d-2 5 - > 2a—1
61/2 ai%<1/2+a T2d-1 Z t =T Z T =€ v e
t= [Tl/Q] t:[T1/2] [TY/2)/T
L— (72T _ e -
= =——-0(T7%).
‘ 2a 2a ( )

In view of (242), (244), and (245), this proves (163).
Next, we show (164). By (161),

1 T

inf — Z ¢ (d, ) > inf

1/2+a<d<dpew 1241 — 1/2+a<d<d,pe¥ T2d 1

Z )

=1

so that (164) follows by (158) and approximating sums by integrals (Lemma 10), noting that
d <d.

Regarding the rest of the results, we omit the proofs of (165), (166), (167), (168), and
(169) because they follow almost immediately from (159) and (160) of Lemma 12. Next, by
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Lemma 1 of Hualde and Robinson (2011), see also (160) and Lemma 11, for 7" sufficiently
large the left-hand side of (170) is bounded by

T
K
max{d1—1,-1—p} max{d2—1,—1—p} m
i Tari1 2" t (1+logt)
i >1/24+0,d5>1/2+0 T TR ;
di1+d2>1+n
K(logT)™ s
= e — > T < K(logT)™,
d1>1/246,d2>1/2+6 Tdi+dz—1 Z
di+d2>1+4n

noting that the supremum occurs at dy + dy, =1+ n > 1 and applying Lemma 10.
10.7 Proof of Lemma 15
First, we show (171). It holds that

T T T 2
ZC 1 d17 ZC 1 d?a ( Ct 1(d1790)ct 1(d2790))
=1 =1 =1
T-1 T
Z ci-1(dr, p)cj—1(da, ) — cio1(da, p)cj—1(dn, CP)) , (246)
t=1 j=1,j#t
so the left-hand side of (171) is bounded from below by
, o (c1(dr, ) —er(da, 0))* = inf (m1(dr) = m1(ds))*
dlgi—ad <3- a,|di—d2|>kK d1§§—a,d2§§—a |di—d2|>k
= inf (d1 — d2>2 = /€2.
d1§%—a,d2§% a,|d1—d2|>kK

Next, (172) follows by showing that, uniformly in |d; — da| > &,

(ZZ; ci1(dy, p)ci—1(da, 90)> i

T
1
inf — e (dy, ) — > €, (247)
%-i—aﬁdhdzﬁ%—a 7241 ; -t ZZ—‘:]_ C?—l(d% LP)
r ST i (dr Q)i (da )
1 ( t=1 Ct—1\01, P )Ct—1\02, P )
inf —_— & (dy, ) — > €, (248)
Ltasdij-agd<hia T207! ; o >t G (da, @)
r ST cir(d@)eir(da )
1 < t=1 Ct—1101, P )C—1A2, P )
inf e & (dy, ) — > €. (249)
%+a§d1,%+a§d2 T2d—1 ; =t 23;1 C?_l(d% QO)

First, (247) follows by (162), (164), and (166) (noting that replacing o by ¢ in (166) just
adds a log T factor to the bound). Next, (248) holds by (163), (164) and (170). Finally,
(249) follows by very similar arguments to those in (199) for j = 3 in the proof of Lemma 2
and approximating sums by integrals (Lemma 10).
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To prove (173), we note that the left-hand side is bounded from below, using (246), by
. I

inf — Z (cr-1(dr, ) — ci-1(d2, ))?

1-a<di<itada<t—aldi—do| >k T2

t=1
> inf L i (ci—1(dr, ) — cro1(do 80))2
B %—agdl§%+a7d2§%—a,|d1—d2\2fﬂ T2h-t t=[T1/2] i | _ |
1 T
>  inf = i1 (dy, )
%—aﬁdlﬁ%ﬂ-a T2d—1 t:%z} =
9 T
- sup T2d1_1 Z Ct—l(dlucp)ct—l(d%(p)' (250)
1-a<di<i+ta,da<i—a)|di—da|>k t=[T1/2]

The first term on the right-hand side of (250) is bounded from below by €/a 4 o(1) as in the
proof of (163) of Lemma 14. Using (159) and taking into account the range of values that
d; and dy could take, the second term on the right-hand side of (250) is bounded by

SO A

%—a§d1S%-I—a,dgf%—a,ldl—dﬂzﬁ t=[T1/2]

Clearly the supremum is attained at the minimum value that d; could take and at the
maximum value that dy could take. Noting that |d; — da| > &, this necessarily occurs at
di =1/2—a+0k,dy =1/2—a—(1 — 0) k for some 6 € [0,2a/k]. Thus, (251) is bounded by

T 1/2—a+0k
KT Z 1 i / t1/2—a—(1—0)n—2 -0 (Ta—Qn—li/Q +T "o T) — 0(1)
T1/2—a+0k \ T & 7

t=[T/2]

to conclude the proof of (173). Finally, the proofs of (174) and (175) follow straightforwardly
by (163) and (170).

10.8 Proof of Lemma 16
Without loss of generality we assume that d; > ds in the proofs of (176)—(180). Letting

Ct(d7 90)

ht7T(d7 90) = ) (252)
T 1/2
<Zj:1 Cj—l(d7 S"))
we initially show that
sup  |h_1r(di, )| = O~ 270T9), (253)
dé[dpal]#PE‘I’
The left-hand side of (253) is bounded by
sup |he—1,r(dv, )| + sup |he—1,7(dr, )| - (254)

d,<d1<1/2-0,p€¥ 1/2—0<d1<d1 eV

69
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Using the definition (252) and applying (159) of Lemma 12 and (162) of Lemma 14, the first
term of (254) is bounded by

SUPg, <dy<1/2—0,pc® lei—1(d1, @)|
Sup |ht—17T(d1,g0)| < d;<d1<1/ pe

1/2
d,<d1<1/2—0,pc¥ . T
hShSL/2-0 infg <4, <1/2-0.pcw (Z; 1 65 (dy, ))

< sup o1 (di, )| = O(), (255)
d,<d1<1/2-0,p€V

so the bound in (253) applies to the first term of (254) (although it is not tight). Next, the
second term of (254) is bounded by

SUP /2—0<dy <dy €W T lci—1(dy, )]
12"
11“f1/2 0<d1<dy,pEV (Z 1= 2dlc (thO))

By (160) of Lemma 12 the numerator is O(t~*(¢/T)'/?>~%) and by Lemma 13 the denominator
is bounded from below by f~/2T~1/2_ Thus (253) follows.
We now prove (176). Clearly,

Nyt + Noy + N3,

h,_17(dy. d 2
|| t 1,T( 15 2,90)” Dy

where

Nlt - C?—l(dla (P) C?—l(d% (P)a

M-

1

J

Ny = Cffl(d% (P) C?fl(dla 90)7

M-

1

J

~

N3y = —2¢;1(dy, p)ci-1(d2, ZC] 1(dy, p)eja(dz; ),

Jj=1

= Z C?—l(dh Z C; 1 d27 (Z Cj—l(dh QO)Cj_1(d2, 90)> : (256)

J=1 J=1

By application of the Cauchy-Schwarz inequality to the numerator and (246) to the denom-
inator,
2(Ny; + Ny)

B (257)

|Re—rr(di,da, @)||* <
2(]\7” + Ngt)
iy Z?:l,j;ék (ck-1(d1, @)cj-1(dz, @) — cr1(da, @)cj—1(d1, @)
Q(hf 1 T(dlv )+ ht 1 T(dQv ®))

ot iy (hiear(dy, @) hjy r(da, ©) = hi—y r(da, @)1 r(di, @)
(258)
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We will prove (176) by considering several parts of the parameter space in turn. First,
we show that
sup 11 2(dy, dy, @)||* = O 2T%), (259)
dy<d1<1/2-0,dy<d><1/26
@€V, |d1—d2|>k
noting that in this region necessarily do < 1/2 — 6 — k. Using the bounds (253) and (258),
(259) follows by showing that
T-1 T
inf Z Z (hi—1,7(dv, @)hj—1,7(d2, p) — hk—1,T(d2,SO)hj—1,T(d1,90))2
d1§d1él/2—9,d2§d2§1/2—9 k=1 j;ﬁt:l
@€V, |d1—d2|>k
B it P Z;;ét:]_ (ce—r(dr, @)cj—1(da, @) — cro1(da, @)cj—1(dy, p))? =,

dy<d1<1/2-0,d,<d2<1/2-0 Sy (@) Y1 2 (da, )
LPE\I/,‘dlfdQ‘ZIi

(260)

The supremum of the denominator in (260) is O(1) by (165), while the numerator is bounded
from below by

N

-1

T
inf > (erm1(dr, @)cjo1(da, @) — cha(da, p)cjr(dr, )

dy<d1<1/2-0,d;<d2<1/2—-0

k=1 j#t=1
@€eV,|d1—d2|>k
Z inf (Cl d17 QO) — Cl(dg, QO))Q = inf (dl — d2>2 = Ii2
dy<d1<1/2—0,dy<do<1/2—0 ldy —da|>n
@€V, |d1—d2|>k
as in the proof of (171).
We next show that
sup 1hy10(dy, do, ) |* = O™ 7T%), (261)

1/2-6<d1 <1/240,0€W,|d1 —da|>r
noting that in this region necessarily dy < 1/2+ 60 — k < 1/2. By (246), (252), and (258),
the left-hand side of (261) is bounded by
Tioh c%—l(dla 90) Z;‘Ll C?—l(d% 90) + c?—l(dQ’ So)Tlizdl Z?:l c?—l(d27 90)
sup 2 .

/20120 T2 370 ) (ko1 (dy, ) — cra(da, )
P a1 —d2| 2K

By simple application of (160) of Lemma 12 and (165) of Lemma 14,

T
1 1
sup ch_l (di, ) ZC§_1 (do, ) = O (t772T%) . (262)

1/2—0<d1 <1/2+0,0€ W |d1 —d2| >k =

Furthermore,

T

1 I L
sup cf_l(dg,cp)m Zc?_l(dl,go) — Ot~ 420220 _ O(4=1-20720)  (963)
1/2-0<d1<1/2+6 =

LPG\I/,‘dl—dQ‘ZK
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where the first equality in (263) follows by (159) of Lemma 12 and (168) of Lemma 14,
whereas the second holds because 6 < x/2. Then, in view of (262) and (263), the proof of
(261) follows by showing that

T
1
inf 2 (d > 264
1/2—6§d11§nl/2+9,4p€‘11 T2di—1 k%ﬂ} Cho1(di, ) > ¢, (264)
1 T
sup Tad 1 Z ck_l(dl, SO)Ck:—l(an CP) = 0(1)- (265)
1/2—0<d1<1/240,€ Y |d1 —d2|>K k:[Tl/Q]

First, (264) follows as in the proof of (163). Noting (159) and (160), the supremum in (265)
occurs at the smallest possible value for d; and the largest one for dy, which is dy < dy — k.
Thus, by (159) and (160), the left-hand side of (265) is bounded by

L (k\® E\ d
v -1 ("™ —k—1 20 —1-20—k __ 0—k/2
KT (T) k (T) EN < KT Yk =0 (T°"?),
k=[T1/2] k=[T1/2]

so that (265) is justified and the proof of (261) concluded.
Next, we show that

sup 1Re—1r(dy, do, )| = O 72T%), (266)
1/2+40<d1<d1,dy<d2<1/2—0
wEeV,|d]—d2|>kK

noting that in this region dy < min{1/2 — 6,d; — k} < 1/2. The proof of (266) is nearly
identical to that of (259). We normalize by T?%~! in both the numerator and denominator
of (260), and the denominator is then O(1) by application of (165) and (170) of Lemma 14.
The (normalized) numerator of (260) is bounded from below by

T
inf T*"1N " (cpo1(di, @) — i (da, ) > €

1/24+6<d1<d1,dy<d2<1/2—6 k=1
@€V |d1—d2|>kK

by application of (162) and (164) of Lemma 14.
Next, we show that

sup lhe—sr(di, da, 0)|* = O~ 2T), (267)
1/240<d1<dy,1/2—0<d2<1/2+6
@€V, |d1—d2|>k

In view of (257), (267) follows by showing that
sup T*hed (dyy ) + ht271,T(d2> @)t 2521 03—1(d1, )

— T 2
T i—1 Ci—1(d1,)ci—1(d2,)
yarosdi<d - pan-1 (ST 2 (g ) — (2= s 1) )
1/2—0<d2<1/2+6 j=1"7 Yol (d2p)
SOE\I/,|d1—d2‘ZH

and this holds by (170), (172), and (253), noting also that by (160),

sup T2d1—1CtQ_1(d1, 90) _ O(t_1+20T_20) — O(t—1—29T20)
1/24+60<d1<d1,p€T

— O(t71726T29)
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because t < T
Finally, we show that
sup Mhi—1r(dy, da, @)|I* = o 1). (268)
1/240<d1<d1,1/2+6<d2<d>
YEY, |d1—d2|>kK
In view of (258), (268) holds by (253) and
T-1
inf Z (hi-1,7(dr, )hj—1,7(d2, p) = hy—1,7(d2, p)hj—17(ds, 90))2 > €.
1/2+46<d1<d1,1/2+0<d2<d2 }—1 jAt=1
YEY |d1—d2|>kK
(269)

By very similar steps to those in the proof of Lemma 13, it can be shown that

T-1 T
Z Z (he—1,7(dr, @)hj—1.0(d2, ) — hk—1,T(d2,SO)hj—1,T(d1,90))2

k=1 j#t=1
- 2
2211 25#21 (T1/27d1 7Tk_1(d1)T1/27d27Tj—1(d2) _ T1/2*d27rk,_1(dg)Tl/Qfdlﬂ'j—l(dl))
T1—2d; Zle w2 (dy) T2 S w2 (dy)

+ g(d17d27 (P)a

where sup lg(dy,da, )| = o(1). Next, using this result together with

1/240<dy <y ,1/2+0<dy <y €Y
Lemma 11 and approximating sums by integrals, see Lemma 10, the left-hand side of (269)
is bounded from below by

3 1 1 di—1,,do—1 __ .do—1,,d1—1)\2
1nf1/2+9§d1§31,1/2+9§d2§32 (fO fO ((L’ Y z ) ) dl’dy
€

-1

—o(l) > ¢,
SUP1/2+0§d1§31,1/2+9§d2§82(2d1 - 1)_1<2d2 - 1)

so (268) is justified, to conclude the proof of (176).
Next, (177) follows trivially from (176), while the proof of (178) is omitted because it is
basically identical to that of (176). We only need to note that instead of (253) we have

sup \her(diy @) — hi1r(di, )| = O 3*0T7),
d1€[dy,d1],p€EY

which can be justified exactly like (253) because
Ct(d B 17 (P)
12"
<Z?:1 ng—l(da ‘P))

We next show (179), for which we first present a preliminary result. By the same proof
as that of (253), taking into account the extra log-term arising from (159) and (160) of
Lemma 12, it holds that

hir(d, @) — hee1r(d, ) = (270)

2 e, 1(dy,
sup o -1 (4. ) = Ot V* T og T). (271)

dre[dy,d1],pEV T 2 v
1€[dy,d1],p€ (Zj:l Cj_l(dla (P)>

73
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Clearly,

hy y p(dy, dy, @)hy_17(dy, da, )

—1

=c,_1(d1,ds, p <Z cj_1(dy,dy, _1(d1,d2,80)) cr—1(dy, da, ),

so that 9
% (h’;—l,T(dlﬂ an So)h’k—LT(dla dQv QO)) = Altk + Ath + AStk7 (272)
2

where

-1
0
A, = (8(1 Ct 1 d1>d27 ) (ZC] 1 d1,d2, _1(d1,d2790)) Ck—1(d1,d2;90)7

0
Aoy, = €;_1(d1, da, p (Z cj-1(di,da, ¢ _1(d1,d2,90)> (%Ck 1(d1,d2,90)) ’
2
-1
Az, = —¢;_1(d1, da, (Z cj-1(di, dz, ¢ _1(d1,d2;90))

-1
0
X (a—@jzlcj—l(dlad% P)c; i (dy,da, ) (ch 1(d1, da, 1(d1,d2,(p)>

X Ck71(d1,d27 ‘P)-

Clearly, recalling the definition of Dr in (256),

Ao — (8ct_1(d2,cp)) cr-1(dz, #) ZJT 16— 1(di o)
1tk =

8d2 DT
([ Oci(da, ) cr-1(di, ) 2321 ¢j-1(dy, p)cj-1(dz, p)
dd, Dr '

Then, proceeding as in the proof of (176), it can be straightforwardly shown that

sup |Avk| = O(t_1/2_9k_1/2_9T36), (273)

dy €[dy,d1],do€ldg.da],p €Y

where the extra TY-factor (compared with (176)) captures a (log T')-factor due to having
Oci—1(ds, )/0dy instead of ¢;_1(dz, p); see Lemma 12. Similarly, noting the symmetry of
A and Aoy,

sup | Agee| = O(t=V/20)1/2-0736), (274)

di €[dy,d1],do€ldg.da],p €Y
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Finally,

T T -1
0
Azt = — Z ci_1(d1, da, p) (Z cj-1(dy, da, <P)C;;1(d1, da, ‘P)) ( )

aCl—l (d27‘P)
=1 Oda

1
X ¢)_q(dy,do, (ZCJ 1(d1, dy, p)c; 4 (d1>d2790)> ce-1(d1; dz, )
-1
— ch—l(dbd%cp) (Z Cj—l(d1>d2790)c;—1<d17d2790)) ci-1(d1; da, )
I=1 = o
X ( 0 2 édjmp ) (Z cj—1(di,ds, _1(d1,d2780)> cr-1(dy, da, ).

By (176) it follows straightforwardly that

-1
sup ¢i_i(di, da, p <Z cj-1(di, da, 1(d1,d27‘P)) ci-1(di, d2, )
di€ldy,di],dg€ldy,da], €W
= sup ‘hFLT dlad2acp>hl—1,T(d1;d2;Qo)|
di€ldy,di],dg€ldg,da],p €Y
< sup [e—17(dy, da, )] sup [Pi-1,7(dy, do, )|
di€(dy,d1],dg€[dg,da], €V

di€ldy,di],dg€[dg,da], €V

— O(t71/279l71/279T26)’ (275>
so by (273)—(275),

sup |A3tk| — O<t—1/2—9k—1/2—9T56)’
dy€ldy,d1],dg€[dg,da],pEV
to conclude the proof of (179).

Next, the proof of (180) is omitted as it is almost identical to that of (179) in view of (178).
Before proving (181), we first note that, for m = 0, 1,

sup 2 (T4 (d, @) < _SWaz1/240.0€v | 2 (T e (d, )|
z) = 7 172
d>1/2460,p€¥ (ijl T—2dcj2_1(d, (p)) (mdel/QJreﬁoep ijl T_2dc§_1(d, 90)>
=0 (t2/T)(1 + |log(t/T)|)™) (276)

which is a better bound than (253) and (271), but on a smaller set. The bound (276) holds
by (160) of Lemma 12 and (164) of Lemma 14.
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To show (181) we define Y7 = diag(1,77%) and note from (272) that

0

A —
1tk — 8d

T -1
—(c;_1(d1,dy, ) Y1) (TTZCj—l(dlyd2790)C;‘_1(d17d2aSO)TT) Treg-1(di, dz, )

i=1

d. ct
(ZiT T2 2d21(2d2 22/?:;2)1/2 (hk—l,T(an ) — hx—1.7(d1, ) Z;“le hj—1r(di, p)hj—17(ds, <P)>
i1

1= (X0 Ay, @)hs 1r(da, )
(277)

T -1
0

Ao = €;_1(d1, da, p) Y7 (TT Z cj-1(dr, da, 90)0;'_1(651, da, <P)TT> 9d 7 (Treg-i1(dy, da, ),
2

=1

AT~ %2¢y,_1(da,p)/0d T
(x! lTi:d;Cg 212)2/90)2)1/2 (ht—l,T<d27 ®) — hi17(di, ) ijl hj—1.7(di, p)hj-17(dz, 90))
j= j— )

b

T 2
1-— <§ j=1 hj—17T<d17 (p)hj—l,T(d27 90))
(278)
and

T -1
Agpp = —€;_1(dv, da, ) Tr <TT Z cj-1(di, dz, ¢)c;,1(d1, da, SO)TT>

J=1
T

Z TTCl 1 dl,dQ,SO))Cz 1(d1,d2790)T

=1

-1
X <TTZCj1(d1;d27 ‘P)C;el(dlyd% SO)TT> Treg-1(di, dz, )

j=1

T -1 7
— ¢,y (dy, d2, )T (TT > cjoi(di, da, )y (dy, da, <p)TT> > Yreii(dy, da, )

j=1 =1

-1
P T
X 8—@(CQ_1(d1,dz,so)TT) (TTZCJ‘1(d1,d27SO)C;_l(dl,dz:SO)TT) Treg—1(di, do, ).
j=1
For Ay, we multiply by 77-2¢ $°7 =1 ¢-1(da, ) in the numerator and denominator. Ap-
plication of (172) then shows that the resulting denominator is bounded from below by € > 0,
while (170) shows that the order of magnitude of the numerator is unaffected. For the numer-

ator of Ay, we apply the Cauchy-Schwarz inequality, Zle hj—17(dy, @)hj—17(ds, go)’ <1,
which together with (253), with « instead of 6, and (276) shows that
sup |Ajk| = O (t’l/%eT’a(l + |log(t/T)|)k’1/2’aTa) : (279)

d2€[1/2+6,d2]
LPE\I/,‘dl—dQ‘ZH

Similarly, noting the symmetry of Ay and Aoy,

sup | Agy| = O (k’l/ZwT’e(l + |log(k/T)|)t’1/2’°‘T°‘) : (280)

d2€[1/2+6,dz]
PEW,|d1—d2| >k
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Next, by (176) with « instead of 6, it holds that

sup ‘h;‘—l,T(dlad27§0)hk—1,T(d17d2790)‘ = O(j_l/Q_ak_l/Q_aT2a)~ (281)
d1€[d,,d1],d2€[dy,d2]
PEV,|d1—da|>K

It then follows straightforwardly by (279), (280), and (281) that

T
sup | As] =0 (t‘l/Q‘O‘k‘l/Q‘O‘T?"““’ > (1 4 | log(1 /T)\))
]

do€[1/2+6,d2 =1
PEY,|di—d2|>k

— O(1~ V2o 1/2-ar2ay
because 6 > «. Then (181) holds because, for any s < T', we have |log(s/T)| < K(T'/s)* and
sTVPOTO(1 4 [log(s/T)]) = s~ /270T* (s/T)* (1 + | log(s/T)])
< Ks 12707 (s/T)* (T /s)™ < Ks™'/* T,
Finally, the proof of (182) is omitted because it follows by identical arguments to that of
(181) since it can be straightforwardly shown that
S| (el @) = heoar(d )| = O T (14 |log(t/T))),
see (253) and (270).
10.9 Proof of Lemma 17
The proof of Lemma 17 is given in Lemma S.17 of Hualde and Nielsen (2020).
10.10 Proof of Lemma 18

By summation by parts we find

T
> (L @)u(5 = So)hurr(1— 6,7 = 6,)

=1
< |hr_17(1 = 6,7 = 6,)| [p(L; )ur(d — 6o — 1)
-1

+ D hr(1=6,7 = 6,¢) — by 0(1 = 6,7 = 6,0)| |p(L; @)ur(6 — o — 1)].

t=1

Then (185) follows straightforwardly by (176), (178) of Lemma 16 and (183) of Lemma 17.
Next, again by summation by parts,

T
d .,
> (L p)us(6 — 50)8—7(ht_1,T(1 = 0,7 =0,p)h_17(1 = 6,7 =9, w))‘
t=1
d .,
< a—,y(hT_l,T(l — 0,7 =0, hp_10(L = 0,7 —6,9))| |p(L; @)ur(d — dg — 1)
T-1

a / /!
+ 8—7((ht,T(1 — 0,7 =0,p) —hy_ (1 =06,7=0,¢)hprr(1 = 6,7 =9, w))‘

t=1

< |p(L; @)un(d — 8y — 1) (282)

7
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so (186) follows directly from (179), (180) of Lemma 16 and (183) of Lemma 17.

The proofs of (187) and (188) are nearly identical to those of (185) and (186), but using
(184) instead of (183) of Lemma 17.

Next, by application of (181), (182), and (183) to (282), it is straightforward to show
that, choosing any « such that 0 < a < 0,

T
0
D57 oL @5 — o) (i (1~ 67— 6, @) (1~ 5,7~ 6,9))
do—6<gy—0>1/240 | | 8
=0, (k=27 V2 (792 4 (log T)I(g < —1/2)))
+ Op (K270 (T91(g > a) + (log T)I(g < @),

which proves (189).

Finally, the proof of (190) is almost identical to that of (189) but using (184) instead of
(183).

10.11 Proof of Lemma 19
The results follow by direct application of (159), (160) of Lemma 12 and (176) of Lemma 16.
10.12 Proof of Lemma 20

By summation by parts we find

Z p(L; p)u(0 — do)ci—1(v0 — 9, )

t=1
< ller—1(v0 = 8, )| [p(L; p)ur(d — 6o — 1)
T-1
+ 1> 1o = 6 = 1,0)p(L; @)ue(d — 6o — 1) - (283)
t=1

The result (193) then follows by application of (159) of Lemma 12 and (183) of Lemma 17,
while the result (194) follows by application of (160) of Lemma 12 and (184) of Lemma 17.

10.13 Proof of Lemma 21
These results are direct consequences of (159) and (160) of Lemma 12 and (184) of Lemma 17.
10.14 Proof of Lemma 22

The proof of Lemma 22 is given in Lemma S.12 of Hualde and Nielsen (2020); see also
Lemma 2 of Johansen and Nielsen (2019).
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