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Abstract

We re-visit the proposition: utility-change for the translog utility func-
tion equals the corresponding Tornqvist quantity index. We observe that
the "linear" terms in the translog function must be zero for the result to
obtain. We also report on the role of the assumption of homogeneity for
the utility function in allowing the result to obtain.
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1 Introduction

We establish that the ”linear” terms in the translog utility function must be
zero in order for the change in utility for the translog function to link precisely
to the Tornqvist quantity index (see Diewert (1976; pp. 119-120) for the first
statement of the theorem). In addition we find the assumption of homogeneity
of the utility function is special and limits the validity of the link between change
in utility for the translog function and the Tornvist quantity index. For distinct
price and quantity vectors at two dates, the theorem will generally not ”hold
up”. One has to construct ”workable” pairs of price and quantity vectors in
order for the theorem to ”go through”. We work with the two commodity case
and proceed without referral to Diewert’s quadratic equivalence lemma.!

The early classic result in this area is Fisher’s Ideal quantity index capturing

the change in utility levels for the case of a quadratic utility function (Diewert

IDiewert’s lemma is presented in Diewert (1976; pp. 117-118). A different proof of the
lemma is in Hartwick (2020; Chapter 3). This lemma is central to Diewert’s analysis of
utility-change with the translog function and the Tornqvist quantity index.



(1976; pp. 116-117))%. We start below with the general translog utility function
for two commodities and indicate the specialization necessary for the utility-

change, Tornqvist result to be valid.

2 Translog Utility

The first period is indicated by y and the second by z. We start with the translog

utility function for two commodities for periods y and z:

1 1
InU* = ap4+arlnz +aslnze + 5611 InzyInz + 551211121 In 2o
1 1
+§ﬁz1 InzpIn 2 + 5522 In z5 In 2o (1)
1 1
ImnUY = ar+arlny; +azlnys + 5611 Iny; Iny; + 5612111% Inys

1 1
+§ﬁ21 Inys Iny; + 5522 Inyz Inys.

We obtain derivatives

%l:‘ = |a1+ %ﬁu Inz + %ﬁn Inz + %,6’12 In zo + %521 IHZQ]Z—:
%Z: = [+ %ﬂm Inzo + %522 In 2o + %612 Inz; + %/621 In 21]%:
% = o+ %511 Iny; + %511 Iny; + %612 Inys + %521 lnyg]%
% = o2+ %522 Inys + %522 Inys, + %312 Iny; + %ﬁm lnyl]%.

We are interested in transforming the right side of InU?* — In UY. We will con-
centrate on transforming InU? first. InUY works the same. We re-write the

first two derivatives to get

# 1 1 1 1
%%ZI Inzy; = [{arlnz + 5611 Inzlnz + 561211122 Inz + 5621 Inzolnz b+ 5,611 In 21 In 2]
oU” 1 1 1 1
22 Inze = [{{aelnzo+ =foslnzelnza}} + =y Inzalnze + —f15lnz; Inze + =59 In 21 In 25].
U? 0z 2 2 2 2

The terms in brackets {...} and {{...}} appear exactly in the orginal expression

above for InU? (equation 1). We can thus proceed to substitute in In U? to get

oU* oU* 1 1 1 1
InU? = % 92 lnz1+%87221n22+ao—§ﬂ11 In 2 lnz1—5612lnz1 11122—5,621 In 29 lnz1—5522 In 29 1n 25.

2Diewert cites Byushgens (1925) as the first publication on this result with a quadratic
utility function.




We move the last four terms to the left side and at the same time, add ag +
a1 1nz; + as In z3 to both sides to get
z

zZ1 oU* Z9
2InU* = — 1 —_
" Uz 821 nZI—’_ U* 322

Inzo 4+ ap + [ag + a1 In 21 + agIn z9].

We redo the above steps for InUY to get

Y1 ouy Y2 ouy
WTmlnyl + Wa—yzlnyg +ag+ [0+ a1 Iny; + as Inys].

2InUY =
We can link these two expressions in InU? — InUY =

_ﬂaUy e — ﬂ@U?‘/
Uv 6y1 n Uv 6y2

In 29 In y5]
%)

1 1
+§[a1 Inz; + s lnzs] — 5[041 Iny; + as Inys).

We proceed to invoke the assumption of homogeneity: U? = z; %LZT + 29 %[Z]: and

Uv = w%gf +y2%—(£.3 We have then: InU? —InUY =

oUu”* oU* ouY
1{%1112 +22#an _ yl#ln
gl 0= -, U= AT TouE s A2 ouv ., ouv Y1

1 321 2 322 1 821 2 822 yl 8y1 y2 ayg
auY
Y2 Dys 1 1
- 2y Inys} + §[a1 Inz; + aslnze] — 5[041 Iny; + as lnys]}.
Y1 Y1 + Y2 dya

Under the assumption that [y lnz; + aglnze] — [ag Iny; + azlnys] = 0, and

prices derive from consumer optimization, we now have InU? — InUY =

1 pin D522 Piy In PYY2

— 21+ nzo— Y1 —————— lnys }.
2 ' pFz + piza piz1 + piae ply1 + pyy2 ply1 + pyyo }

(We have introduced appropriate price vectors, (p5,p3) and (p{,p3).) Our ex-
pression for InU? —InUY can be written as

1 2 5 Z 5 2 Y Y
Y Zp1 12 + Zpg 22 ln<1>+ yp1y1y + ypzyzy 1n<y1>
2 piz1 + p3ze piz1 + p3zo 22 iYL + Dry2 pPiY1 + Pay2 Y2

or
U= 1 z z 21 Yy Y hn
In |:y:| = 5[(81 + 82) In <Z2> + (81 + 82)] In <y2)

3We return to this assumption of homogeneity below. Homogeneity only appears for special
cases, not ”arbitrary” initial prices and quantities. Below we construct a numerical example
with the appropriate homogeneity.




P? Yi
pYy1+p3y2

modity ¢ in total value (i = 1,2). The right side above is the Tornqvist index

z
Pi Zi

P oy o are the shares of the value of com-
Piz1+Dp3 22

where s7 = and si./ =
for the case of two commodities and two prices. The difference in utilities across
two consecutive periods, on the left, is precisely linked to the Tornqvist quantity
index. Our proof extends in a straightforward fashion to the general case with
n > 2 commodities.

Our proof turns on the assumption that [a1lnz; + aglnze| — [ag Iny; +
asInys] = 0. This condition is signalling that the theorem is valid only for the
case of each translog function defined at the start without the terms «; In zq,
aglnze, ayIny; and aglnys, ie. with ay = ag = 0. For the left-side, right-
side equivalence theorem to hold, one must start with a translog function
without the ”linear” terms; i.e. InUY = %Zf 2]2 BijIny;Iny; and InU* =
%Zf Z? B;;Inz;In z;. The "reduction” in the starting form for the translog
function brings the theorem in line with the classic theorem dealing with a

quadratic utility function and the Fisher Ideal index, (reference above).

3 The Homogeneity Assumption

The equivalence theorem above requires that the homogeneity assumption (U* =

(o108 o1 y o auY auYy : 9 : NI
219 T 25 and UY = 1y o + Y25, ) is satisfied. For ”arbitrary” initial

price and quantity vectors the homogeneity assumption will not be satisfied.

One way to deal with this is to illustrate the theorem with quantity vectors
(y1,y2) and (21, 22), and price vectors (pY,p3) and (p3, p3) specially constructed
a priori. We proceed with this approach with an illustrative numerical example,
one with two commodities and two prices.*

(1) We fix positive numerical values for 8,;, B13, 891 and 8. (817 =
14,55 = 0.5,85; = 0.7 and B4y = 1.2) We select an arbitrary za, (22 = 6).
We then solve for z; and U? in nU* = 33, > Bijnzilnz; and U* =
295 + 29 We get 2 = 0.7823 and U = 5.4694, using Matlab.

(2) Given values for z; and z2, we solve for the price ratio p{/pj in %glz %g: =

p%/p5. The ratio is 2.8008.

4Christensen, Jorgenson, and Lau (1975) developed an analysis of the translog utility
function as preparatory to considerations of econometrics for such functions.



(3) We repeat (1) and (2) for InUY = %Z.Z-Bijlnyilnyj and UY =
Y1 %Zly + 22 8 . We set yo = 5. We get y; = 0.5513 and UY = 3.4122. The price

ratio solves to, p¥y/py = 0.7608.
We have then vectors (y1,y2,pi/py) and (21, 22,p7/p3) with numerical val-
ues. We use prices (p{,py) = (0.7608,1) and (pl,pz) = (2.8008,1). We define

.oz 2.8008%0.7823 2 0.7608%0.5513
shares: s7 = (2.8008+0.7823) 1 6 and s3 = @ 2008w, 7823)+6’ and s{ = (0.7608%0.5513) 15

v_ 5 . o
and s; = (0760870 5513) 75 These can be inserted into the Tornqvist quantity in

dex number formula:

[Zl]é[é'ﬁsqf] [22} ls5+s3]
23 . |22
Y1 Y2

The index number comes out as 1.5. We also have numerical values for UY and
U#. This ratio, U?/UY is 5.4674/3.4122, equal to 1.5 also. Hence our numerical
example illustrates the equivalence of the Tornqvist quantity index and the
ratio of values of the corresponding utilities for the translog form of the utility
function. It is clear that starting with two ”arbitrary” quantity vectors and two
7arbitrary” price vectors the equivalence of the index number and the ratio of
+ Y2

and U? = 2, 2= a 420U a " from the start in order to have the equivalence obtain.

utilities will not obtain. One has to build in homogeneity UY = y; &

5?!1 8yz

Hence the equivalence theorem is valid only for specially constructed price and
quantity vectors. We indicated the appropriate construction with our numerical

example.
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