ED

Queen’s Economics Department Working Paper No. 1172

Likelihood inference for a nonstationary fractional
autoregressive model

Se¢ren Johansen Morten Orregaard Nielsen
University of Copenhagen and CREATES Queen’s University and CREATES

Department of Economics
Queen’s University
94 University Avenue
Kingston, Ontario, Canada
K7L 3N6

2-2010



Likelihood inference for a nonstationary fractional
autoregressive model

Sgren Johansen* Morten (rregaard Nielsen!
University of Copenhagen and CREATES Queen’s University and CREATES

February 2, 2010

Abstract

This paper discusses model-based inference in an autoregressive model for fractional
processes which allows the process to be fractional of order d or d —b. Fractional differ-
encing involves infinitely many past values and because we are interested in nonstation-
ary processes we model the data Xi,..., X7 given the initial values X_,, n=0,1,...,
as is usually done. The initial values are not modeled but assumed to be bounded.
This represents a considerable generalization relative to all previous work where it is
assumed that initial values are zero. For the statistical analysis we assume the condi-
tional Gaussian likelihood and for the probability analysis we also condition on initial
values but assume that the errors in the autoregressive model are i.i.d. with suitable
moment conditions.

We analyze the conditional likelihood and its derivatives as stochastic processes in
the parameters, including d and b, and prove that they converge in distribution. We
use the results to prove consistency of the maximum likelihood estimator for d,b in a
large compact subset of {1/2 < b < d < oo}, and to find the asymptotic distribution
of the estimators and the likelihood ratio test of the associated fractional unit root
hypothesis. The limit distributions contain the fractional Brownian motion of type II.
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JEL Classification: C22.

1 Introduction and motivation

Nonstationary autoregressive models have been studied intensively over the past three
decades. In the usual autoregressive model, we consider the nonstationarity implied by a unit
root in the associated autoregressive polynomial. Recently, much attention has been given to
alternative models of nonstationarity such as fractional models characterized by a fractional
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rather than integer integration operator, see e.g. Baillie (1996) or Henry and Zaffaroni (2003)
for reviews and examples, and it appears important to allow fractional orders of integration
(or fractionality) in the time series model. Formal statistical tests of the unit root hypothesis
are of additional interest to economists because they can help to evaluate the nature of the
nonstationarity that most macroeconomic and financial time series data exhibit.

The autoregressive model with k 4 1 lags for the univariate time series X;, t =1,...,T,
conditional on initial values X_,,, n =0,..., k, written in levels and differences, is

k
AXy=7Xi1+ > GiAXiite, t=1,....T,
i=1
where ¢; is i.i.d. (0,0?).

A corresponding fractional autoregressive model, conditional on infinitely many initial
values X_,,, n = 0,..., was obtained by Johansen (2008) by replacing the difference and
lag operators A and L = 1 — A by their fractional counterparts A’ and L, = 1 — A and
applying A4? to X, :

k
AT, =7 ATPLX 4 G A L X ey, t=1,... T (1)

i=1
In the statistical model defined by (1) the parameters (d, b, ¢y, ..., ¢, 7, 0?) are unrestricted
except d > b > 1/2 and % > 0. Note that if ¥ = 0 in model (1) the parameter b is not

identified under the unit root null 7 = 0, see section 2.3. This motivates study of the simpler
model with d = b,

k
ATXy = mLaXi+ Y A LIX, +e, t=1,...,T, (2)
=1

and in the simplest case with k£ = 0, model (2) reduces to
AX, =mLg X, +e, t=1,...,T, (3)
which we consider separately in some of our results.

The properties of the solution of model (1) depend on the characteristic function for the
process

k
=(1-2)""1 - (1=2)") =) p(1— 2" (4)

j=-1
k+1

k
§y)=1-y—my— Z¢i(1 —y)y' = ij—l(l —2)",
i=1 =0

where Zf:_l pj =1and y =1— (1 — 2)°. Note that II(z) is a polynomial in z if and only
if d and b are non-negative integers, whereas £(y) is a polynomial in y for any d,b. The
parameter p = (p_1,...,px) is a simple linear transformation of 7 and ¢ = (¢4, ..., ¢x) and
satisfy p_; = —m, pr = ¢ and Z?Z_l pj = 1.

As statistical model we analyze the conditional distribution of (X7,..., Xr) given the
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initial values X _,, n = 0,1,..., under the assumption that ¢; is i.i.d. N(0,0%). That is,
we derive estimators and test statistics from the conditional likelihood function and their
properties from the conditional distribution. For the asymptotic analysis we assume that
g is 1.i.d. with suitable moment conditions and that X_, is bounded. Thus, the initial
values are not modeled but treated as (bounded) constants. The standard approach in the
literature conducts inference conditional on initial values, which are set equal to zero. In
this paper we develop methods for analysis of the nonstationary (unit root) case with 7 =0
and d > b > 1/2. We call the test of 7 = 0 the fractional unit root test in our model.

Our main result is to find asymptotic properties of (Gaussian) maximum likelihood esti-
mators of the parameters in model (1) under the assumption that 7 = 0, and the asymptotic
distribution of the likelihood ratio (LR) test that 7 = 0. We show that if the initial values
are bounded they have no influence on limit results, except that conditioning on initial val-
ues implies that some of the limit results are expressed in terms of the fractional Brownian
motion (fBM) of type II, whereas fBM of type I plays no role in the analysis.

Thus, (1) and (2) are fractional versions of the augmented Dickey and Fuller (1979, 1981)
regression model, and we provide a first analysis of a univariate model with two fractional
parameters with a simple criterion for different orders of fractionality. The test that 7 = 0
is a test that the process is fractional of order d versus d — b, i.e. the fractional unit root
test is also a test of the order of fractionality of X;. Note that when d > b the characteristic
function (4) has a unit root also when 7 # 0. However, we still refer to the test of 7 = 0
as the unit root test in (1) since it is a test of a unit root in the polynomial £(y). Other
hypotheses of interest are linear hypotheses on the regression parameters ¢ = (¢1, ..., ¢x)
and the fractionality parameters d and b. The analysis of model (1) is a first step towards the
analysis of the multivariate model which allows cofractionality, that is, linear combinations
of fractional processes that decrease the order of fractionality.

A prominent place in literature on models for fractional processes is held by the ARFIMA
model

A(L)AYX, = B(L)ey, (5)
where A(L) and B(L) are the autoregressive and moving average polynomials. The ARFIMA
model generalizes the well known ARIMA model by introducing the fractional (non-integer)
order of differencing, d. The original Dickey and Fuller (1979, 1981) test is a LR test of
A(1) = 0 within the autoregressive model with d = 0 and B(L) = 1. A Wald-type test of
the same null was considered by, e.g. Chan and Terrin (1995) and Ling and Li (2001) in the
ARFIMA model, where the null hypothesis A(1) = 0 implies that the process is fractional
of order d + 1 versus order d under the alternative.!

The model we propose to analyze, (1), is different from the ARFIMA model (5) because
it is characterized by two fractional parameters and because of the role of the lag operator
Ly. Our model is not an ARFIMA model in L, unless b = 0,1,2,..., but an ARFIMA
model in the new lag operator L. Thus, in (5) there is only one fractional parameter and
the fractional order of the time series always differs by exactly one under the unit root
null and the alternative, whereas the lag operator L, implies that the difference in order

'Robinson (1994) proposed testing for a unit root using the LM-test in several different models, see also
Tanaka (1999) and Nielsen (2004). However, these authors examined the properties of hypothesis tests of
the form d = dy (against composite alternatives) in ARFIMA models, so these are not unit root tests in the
sense defined above.
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of fractionality of the process generated by model (1) under the unit root null and the
alternative is b rather than one, see section 2.1 below. Note that when the roots of A(z) are
outside the unit circle, we find that X; is fractional of order d. Thus a simple criterion exists
for fractionality of the solution of the ARFIMA model. A similar simple condition exists in
terms of £(y) for the process generated by model (1), see Lemma 1.

Another strand of the literature analyzes regression-type statistics with the purpose of
testing for a fractional unit root. An early contribution is Sowell (1990) who analyzed
the regression 1y, = ¢y;—1 + uy, where A%y, = ¢, and ¢y = 1. He derived the asymptotic
distribution of q% rs, the regression estimator of y; on y;_1, instead of the maximum likelihood
estimator for fixed d, ¢z, that is, a regression of Ay, on Ay, ; as considered by Ling and
Li (2001). Consequently, the asymptotic distribution of the estimator QASFS is discontinuous
in d, in the sense that 729+!(¢pg — 1) converges in distribution to a fBM functional when
d <0 and T((ﬁ rs — 1) converges in distribution to another such functional when d > 0. On
the other hand, the distribution of (/5 w1 is the same as that of the standard Dickey and Fuller
(1979, 1981) statistic (see also the analysis in Phillips, 1987). The ideas in Sowell (1990)
were further developed by Dolado, Gonzalo, and Mayoral (2002) who consider the statistical
model a(L)Ay; = ¢A%y,_; + &, and test that ¢ = 0, and Lobato and Velasco (2006) who
consider the model a(L)Ay; = ¢pa(L)(A%~1 —1)Ay, + u; and test that ¢ = 0. Here a(L) is
a lag polynomial. They indicate the properties of the process under the null and under the
alternative?. In both cases they apply a t-ratio based on a regression equation and motivated
by the model equations, rather than a test based upon an analysis of the likelihood function.

Model (1) proposed here has the advantage relative to that of Dolado, Gonzalo, and
Mayoral (2002) and others, that one can give simple criteria for fractional integration of
various orders in terms of the parameters of the model, see Johansen (2008, Theorem 8) and
Lemma 1. In this way we have a platform for conducting model-based statistical inference
on the parameters and on the fractional order of X;, and the possibility of extending the
results to the multivariate case.

The remainder of the paper is organized as follows. In section 2 we discuss the properties
of the solution of model (1), including the role of initial values and assumptions for the
asymptotic analysis. In section 3 we define the Gaussian likelihood function and profile
likelihood function as a function of (d,b) and determine its probability limit. In section 4 we
show that the asymptotic distribution of the maximum likelihood estimators d b, and gb are
asymptotically Gaussian, whereas the asymptotic distribution of 7 and the LR test for 7 = 0
in section 5 involve fBM of type II. We conclude in section 6 and give some mathematical
details in four appendices.

2 Assumptions and main properties of the fractional autoregres-
sive model

We now discuss properties of the solution of the fractional autoregressive model (1) and
the role of initial values, and formulate the assumptions needed for the asymptotic analysis.

2The condition given by Dolado, Gonzalo, and Mayoral (2002) for the roots of 7(2) = a(2)(1 — 2z)'~% —
¢z = 0 to be outside the unit circle is 7(0) = 1,7(1) > 0,7(—1) > 0. This cannot be correct as the example
7(z) = 4(z — 1/2)2 = (1 — 42)(1 — 2) + z shows. Indeed, the correct condition leads to the solution of
an unpleasant transcendental equation, see the discussion in Johansen (2008), and thus it does not appear
possible to give simple conditions for fractionality of various orders in terms of the parameters of their model.
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2.1 Properties of the solution of the fractional autoregressive model

The binomial expansion of (1 — 2)~? defines the coefficients 7, (d) = (—1)" () which are
bounded in absolute value by c¢(d)n?~1, d € R. For d < 1/2 and ¢; i.i.d. (0,0?) we define the
stationary process with finite variance A~%, = (1 — L)%, = >">° 7, (d)e4—p. For d > 1/2
the infinite sum does not exist, but we define a nonstationary process by the operator Ajrd,

t—1
Ajrdgt = nzoﬂn(d)et_n =i +deyq+ -+ (-1 (t _d1> e, t=1,...,T,

see for instance Dolado, Gonzalo, and Mayoral (2002) or Marinucci and Robinson (2000)

who call this a “type II” process and use the notation A‘detl{tzl}, where 174y denotes the

indicator function of the event A.

We call a stationary linear process Y; = Y > &,e,—, with continuous spectral density,
#(N), fractional of order zero if ¢(0) # 0. We also call the process Y," = Z;_:lo EnEtn + i,
where i, is a deterministic trend, fractional of order zero, and finally if A?Z, is fractional of
order zero then Z; is fractional of order d.

For the asymptotic analysis we apply the result, e.g. Davydov (1970) and Akonom and
Gourieroux (1987), that when d > 1/2 and E|&;|? < oo for some ¢ > 1/(d — 1/2), then

T2 A e s Wiy (u) = T(d) / (1 — 5) 141V (s) on D0, 1], (6)
0

where W denotes BM generated by ¢; and W,_; is the corresponding fBM of type II. By the
continuous mapping theorem,

T 1
1y (At b [ W @
t=1 0

We also have, see Jakubowski, Mémin, and Pages (1989),

T 1
TN Aleen / Wy dW. (8)
t=1 0
The properties of the solution of model (1) depend on the characteristic function I1(z) and
the polynomial £(y) in (4). If we represent II(z) as a power series Y~ v,2" with Y 02 2 <
oo, we define 11, (L)X, = Zi;lo UnXt—n and TI_(L)X; = > 2 v, Xi—y. An equation like
(L)X = I (L)X; + II_(L)X; = & is solved by expanding II(z)~' = Y77 '7,2", |z| < 1,
and using the coefficients to define TT, (L)~'e; = S0\ 7,6, ,. Then we apply I, (L)~ and
find
X, =T (L) e — T (L) 'O (L)X;, t=1,...,T. (9)
This shows that without any conditions on the parameters, X; is the sum of a stochastic term
I1, (L) 'e; and a deterministic term generated by initial values. To describe the stochastic
properties of the solution we introduce the image of the unit circle under the function z —
1—(1—-2)° b>0,ie. the set

Cy={1—-(1—-2)": |2 <1}

Lemma 1 1. If the roots of & are outside Cy, then &(y)~t is regular in a neighborhood of Cy
and £(1) # 0, so that F(z) = £(1 — (1 — 2)°)™t = >0 72", |2] < 1, defines a stationary

process Yy =Y 00 Tper—n With > 00 T2 < 00, which is fractional of order zero. Equation (1)
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18 solved by
X = ATV ST (D) T (L)X = ATV b, t=1,2, (10)
where Y, = Zf;lo Tn€t—n and iz 15 a function of initial values. Thus Xy is fractional of order
d—b.
2. If m =0 then £(1) = 0, and if the remaining roots of & are outside Cy, then
(1—2) () =7+ (1 —2)H1~(1-2)", (11)

where v = (1 — Z§:1 ¢:)"! and H(y) is regular in a neighborhood of Cy, with H(1) # 0,
so that the coefficients defined by F(z) = H(1 — (1 — 2)®) = >°7  7.2", |z| < 1, define a
stationary process Yy = > 00 Tty with > o2 (72 < 00, which is fractional of order zero.

n=0 'n
Equation (1) is solved by
Xy = ATz + ALY ) g, £ =12, (12)

where iy is given in (10). Thus X; is fractional of order d. Note that Z; = ~ve; + AY;
satisfies (1 — Y% ¢ Li) 7, = &;.

8. If b > 1/2 it holds in both cases 1 and 2 that Y . |7,| < 0o, so that the covariance
function E(Y:Y;—p) satisfies > ;- |E(YiY,_p)| < o0.

Proof. The results (10), (11), and (12) follow from Johansen (2008, Corollary 6 and Theorem
8) and the equation is solved as in (9) using the expression (11) for I, (L) 'e;.

We prove here that b > 1/2 implies >~ |7,| < oo. We give the proof for case 2 of a
unit root. Because H (y) is regular in a neighborhood of C,, the function F(z) =Y 07 7,,2",
|z| < 1, can be extended by continuity to |z| = 1, and the continuous transfer function for Y;
has the form ¢(\) = H(1 — (1 — €*)?) = F(e"), where i =/—1 is the imaginary unit. The
derivative of ¢(\) is, for y = 1 — (1 — 2)?,

99 OHOyoz 0H iAVD iIA\b—1: iX
8_/\_(9_yaa_8_y(1_(1_6 )7)b(1 — )7 Nie',
which is continuous for b > 1, and has a pole for A = 0 when b < 1. It is, however, square
integrable for b > 1/2. By Parseval’s formula it then holds that the Fourier coefficients of
d¢/ON, inT,, are square summable so that > > n?*r? < oo, see Zygmund (2003, p. 37).

n
Hence

00 00 00 00
oIl = (X lrnln )2 < 3 lmnP Y72 < o0,
n=1 n=1 n=1 n=1

so that >~ |7,| < co. Finally we evaluate >",° _ |E(Y;Y,_;)| by

o0 (o] o0 o0 (o]
Z Z |E(Tjee—jTigtin—i)| < CZ Z |Tiznl|7i| < C(Z |7i])? < o0
=0

h=—00i,j=0 i=0 h=—o0
|
2.2 Assumptions for the asymptotic analysis

We give here the assumptions we use in the asymptotic analysis of our models and a
discussion of initial values.

Assumption 1 The process Xy, t = 1,...,T, is generated by model (1) for some k =
1,2,... and satisfies:
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ERRORS: The errors &; are i.i.d. (0,0%) with E|g;|? < oo for some q > max(6,1/n) and
0 <no <min(1/2,bp — 1/2,dy — by).

TRUE VALUES: The true values satisfy dy > by > 1/2, g = 0, 02 > 0, so that £(y) has
a unit root and the remaining roots of £(y) are outside the set Cy,, so that o # 0, where 7y
is the true value of v. Finally ¢or # 0 so the asymptotic distribution of the estimators is
nonsingular.

INITIAL VALUES: The initial values X _,,n = 0,1,..., satisfy max,>o|X_,| < c.

Assumption 2 The process X;, t = 1,...,T, is generated by model (2) for some k =
0,1,2,... and satisfies the ERRORS condition for some q > max(4,1/(dy — 1/2)), together
with the TRUE VALUES and INITIAL VALUES conditions.

Importantly, the ERRORS assumption does not include Gaussianity for the asymptotic
analysis, but only an i.i.d. condition with sufficient moments to apply a functional central
limit theorem and our tightness arguments. Note that the moment condition in model (2)
with only one fractional parameter is the same as that required to obtain the functional
central limit theorem (6) at d = dp, e.g. Akonom and Gourieroux (1987) or Marinucci and
Robinson (2000), except we need a minimum of four moments to apply our tightness methods.
The moment condition in model (1) with two fractional parameters is stronger since we need
(6) to hold in a neighborhood of the true value and we also need more moments (six) to apply
our tightness methods with two fractional parameters. The TRUE VALUES assumption is
the unit root assumption, which ensures that X; is nonstationary and fractional of order dj.

The theory in this paper will be developed for observations X;,..., X7 generated by
(1) assuming that all initial values are observed, that is, conditional on X_,, n =0,1,...,
and under the assumption that they are bounded, which seems a reasonable condition in
practice. Thus, we follow the standard approach in the literature on inference for nonsta-
tionary autoregressive processes, where the initial values are observed but not modeled and
inference is conditional on them. However, we do not set initial values equal to zero as
is often done in the literature on fractional processes, but instead assume only that they
are observed unmodelled bounded constants, which represents a significant generalization
and makes the results more applicable, as we prove that initial values do not influence the
asymptotic results.

In the INITIAL VALUES assumption the bound on |X_,| is needed so that A"X; =
> o Tn(—v)X¢—p, and hence the likelihood function, can be calculated for any v > 0.
In practice, however, one has to choose an approximation to A" X, by setting initial values to
zero before some time —7p. The approximation error in doing so, Dir, (v) = > 272, 7 mi(—0) X,
is bounded by, see (55),

Do)l <e 3 77 < oft +To)
j=t+To
This is small if either ¢ or Tj is large. For Ty = AT, A > 0, the error in 7! Zle(A”XtY
can be evaluated by (T~'S._, Dy, (v)%)/2 = O(T™"). For Ty = 0 the bound becomes
c(log T)Y/?T—min(»1/2) Thus even if Ty = 0, we get an increasing accuracy in the calculations
the larger the sample size T, but when v > 1/2 we can improve the order of approximation
by including initial values.
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To study the consistency of the maximum likelihood estimator of (d,b) we next define
a large compact parameter set N(rg), which is almost {1/2 < b < d < oo}. We use the
notation ¢ = (d,b)".

Definition 2 For 0 < ny < min(1/2,by — 1/2,dy — by) and dy < m1 < oo, we define the
compact parameter sets N = {1 : 1/2 +n9 < b < d—1n9 < m/n} and N(ny) = UFF2N,,
where
No={Yp€EN:-1/2+mn<d—b—dy}, (13)
Ny={peN:d+(n—-2b—dy<—1/2—ny< —1/2+n<d+(n—1)b—do}, n=1,...,k+1,
Nepo={tp € N:d+kb—dy < —1/2—np}.
Similarly, for 0 < ny < min(1/2,dy — 1/2) and dy < n; < oo, we define J = {d :
1/2 4+ <d <mi/no} and J(no) = UFE2J,, where
Jo={decJ:-1/2+mn <d—dp}, (14)
Jp={deJ:dn—-1)—dy<—1/2—ng< —1/2+m <dn—dp}, n=2,...,k+1,
Jho={d € J:d(k+1)—dy < —1/2 —no}.

The interpretation of N,, (or J,) is that for ¢ € N,, and —1 < i < n — 1, the n processes
T+ib—do+1/2 Adtib X rru) are nonstationary, and for n—1 < i < k the k—n-+2 processes A“* X,
are (asymptotically) stationary. Note that some of the sets may be empty depending on dp,
and also note that 1)y € N; where A?"*X, is the only nonstationary process.

For ny — 0 and n; fixed, N(n) — {1/2 < b < d < oo} except for the lines d + ib =
do—1/2,i = —1,..., k, which are critical values for the behavior of the processes because the
main contribution to A% X, on these lines is yoAi”b*dOet = %A:/ 2£t. To prove uniform
convergence of the likelihood function, we thus need to exclude a small neighborhood of
these critical values.

2.3 Identification of the parameters in the statistical model
There is an indeterminacy between b, d, and k, as the following example shows. We use
the formulation in terms of p, see (4). The two functions
I*(2) = p(1 = 2)7" 4+ p5(1 = 2)¥ + pi(1 —2)TH
[M(2) = p2y(1 = 2) 7"+ 0(1 = 2)* + (1 — 2)™" +0(L — 2)* 4 pj(1 — 2)**
correspond to the same model if we take d* = d + b and b* = 2b, but the first has £k = 1 and

the second £ = 3. Note that d — b = d* — b*. We therefore discuss identification based on
the following result.

Lemma 3 Letm > 1 and )" Gi(1—z)*" =" G(1—2)"® || < 1, and assume that
Co # 0 and (,, #0. Then (a,b,() = (a,b, ().

Proof. Because (,,, # 0, the highest order terms must be equal, which implies that a+mb =
a + mb. Similarly (y # 0 implies that a = a. Therefore also ( = (. =

Corollary 4 Let two models be generated by (1) with the same lag length k > 1, but with
parameters (p,d,b) and (p,d,b), respectively. Then, under Assumption 1, the parameters
are identified under the null hypothesis m = 0. The same holds under the alternative where

m # 0.
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Proof. The assumption that the lag length is k£ means that p;, # 0, and the conclusion then
follows from Lemma 3 under the null 7 = —p_; = 0, where pg # 0, see Assumption 1. It
holds under the alternative, because then m = —p_; # 0 and p;, #0. =

3 Conditional likelihood and profile likelihood

We consider model (1) with i.i.d. Gaussian errors in order to determine the score and in-
formation. The parameter set is expressed in terms of 7 = (d, b, ¢, w,02) or 7 = (d, b, p', 0%,
where Zf:q pi = 1lor p'l =1and 1 is a vector of ones. The likelihood function, conditional
on initial values {X_,,,n > 0}, becomes

T k
1 .
-1 _ 2 d d—b driy \2
—2Tlog Ly(r) =logo® + —— ;(A X, — AL X, — ; o ALEX,) (15)

1 —, 1

_ 2 AdFib Y \2 2, L

=logo’ + — g(_z pAMTX)? =logo® + — g Mr(v)p,  (16)

where we define the product moments

T
Migr(p) =T (AP XA X) for i, j = —1,..., k. (17)

t=1
Minimizing over o2 and p, the profile likelihood and the estimators 6%(¢)) and p(3)) are
_2T71 log Lprofile,T(w) =1+ lOg 62 (w)a (18)
6*(v) = min p' Mz (¥)p (19)
p(v) = Mr(¥) ' 1/1' Mz () 1. (20)

The last relation is found by considering the first order condition for the constrained opti-
mization problem o’ M (¢)p — M(p'L — 1). This can of course also be found, using (7, ¢),
by regressing A?X; on AL, X, and AYLi X, i =1,..., k. Finally the maximum likelihood
estimator 1) is found by optimizing the profile likelihood (18) and applying (19) and (20).

For the asymptotic analysis we normalize the processes as 7™n(d+®=do+1/2,0) Ad+b X, and
define the normalized product moment M7.(1)). For model (2) we define the corresponding
product moments My(d) = Mr(d,d) and M¥(d) = M%(d,d).

The limit results are expressed in terms of fBM, see (6), and in terms of the stationary
process Z; = Yog; + APY;, see Lemma 1. We use these to define the matrices

1
Mi(p) = 73/ Wao-da-iv-1Wag—a—jo—1du, 1 € Ny, for —1 <4, j<n—1,  (21)
0
M, () = B(AT =Dz (AT 7y 4p € N, forn —1<1,j <k, (22)
Mij(w):Mji@p):O,wENn, fOI‘—lSj<n—1§i§]€. (23)

We use the notation D" M;;r(¢) to denote derivatives with respect to ¢». We can now
formulate the main limit result for the normalized product moments.

Theorem 5 Let Assumption 1 be satisfied for model (1). Then the normalized product
moments M.(1) and their derivatives D™ M.(1) are tight as continuous processes on N (1),
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and for m = 0,1,2, it holds jointly that for ¢ € N,

ij(’l?D) :>Mij(7/))a_1 SZ,] <n-—1, (24)
D" M,jr(¢) = D" M;;(¢), n—1 <max(i,j) < k. (25)
For 1 = 1)y
T 1
TN " AT L Xie 5 50 / Wio—1dW. (26)
0

t=1
Let Assumption 2 be satisfied for model (2). Then (24) and (25) hold for Mi.(d) and
their derivatives on J(ny) and (26) holds with by = dy.

The proof of Theorem 5 is given in Appendix D. We next apply these results to derive
the uniform probability limit of the profile likelihood functions for models (1) and (2).

3.1 Convergence of the profile likelihood

Corollary 6 Let Assumption 1 be satisfied for model (1) and let N,, be given in Definition 2
and define for 1 € Ny, the (k-+2—n) x (k+2—n) matriz M™ () = {M;(¥)}¥,_,_,. Then
the profile likelihood function converges in distribution as a continuous process on N(ng) to
a deterministic limit, so the convergence is uniform in probability:

ot L+1logo®(y), € UEEN,,
2T log meﬁle,T(w) - { 0, w c Nk+27 (27)
where

o* () = min (MW ()¢ > o, ¢ € Ny, (28)

¢1=1
and equality holds if and only if 1 = 1. Note that 1o € Ny so that minyey, 02(v) > o3 for
n # 1.

Proof. The profile likelihood function and the estimators 62(¢)) and p(1)) are given in (18),
(19), and (20).

For ¢ € N,,,n < k + 1, the processes AT X, are asymptotically stationary for n — 1 <
i,j < k and M;;r(¢) i M;; () by (25), but for i,j < n —1, Myr(¢p) diverges, see (24),

and in order to minimize p’ Mr(1)p over p, we have to choose p; = 0, for i < n— 1. Therefore
P

6’2<"¢) — O'Q(w) = min</1:1 C’./\/l(")(z/J)C, w € Nn

For ¢ € Ny, all processes A X, are nonstationary and M,;r(¢)) diverges for all i
and j. It follows that 6%(¢)) and hence the profile likelihood tends to infinity in probability.
In all cases tightness implies that we have convergence in distribution and hence uniform
convergence in probability on the compact set N (7).

We next discuss the inequality in (28). For ( = ({1, ..., () satisfying ('1 = 1, we
define for ¢ € N, the stationary linear process Sy(¢)) = S2F | (AT®=do(yie, 4 AbOY}),
which has transfer function, see Lemma 1,

1(2) (1=2)" 3, G —2)"
z) = - - .
Do AL(L — z)ito

We use the superscript in p{ to denote true value to avoid confusion with the coefficient py,

and we also define p, = (po, ..., px). From f(0) = Zf:n_l G/ Zf:o p? =1 the coefficient of
¢ in Sy is one, so that S; — ¢, is a function of lagged ¢’s. It follows that for any ¢ such that

(29)
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¢'1 = 1, we have that (' M ()¢ = Var(Sy(v)) = Var(S;(v)—e)+Var(e;) > Var(e;) = o2
with equality if and only if S; = &;, which in turn is true if and only if f(z) =1 for all z.

If 9 = 9 (and thus n = 1), then f(z) = (305, G(1 — 2)™) /(325 p2(1 — 2)™) which
is clearly equal to one for all z if ¢ = p0. That is, if ¢ = 9 then ming—; MW ()¢ =
PY MWD (ahg)p? = 02. To prove the reverse implication, suppose the minimum is achieved
for some value ¢, for which (JM™ ()¢, = of. Then it follows that f(z) = ((1 —
2)t=do S (1= 2)) /(308 p2(1 = 2)0) = 1 for all 2. Because p) # 0 and pJ # 0, this
implies by Lemma 3 that n = 1 and (¢, () = (¢, p?). ®

Corollary 7 Let Assumption 2 be satisfied for model (2) and J, be given in Definition 2.
Then:
1. The profile likelihood function converges in distribution as a continuous process on
J(no): -
2 +
—2T " 1og Lyyofite,r(d) = { i;r log o*(d), 22 3;;{”’
where 0%(d) = mingy—y MW ()¢ > o for d € J,, and equality holds if and only if d = dy.
Note that dy € J; so that mingej, 02(d) > o2 for n # 1.
2. For k =0, the convergence in (30) holds on J(no), and the limit is strictly convex on
J1 with a minimum at d = d,.

(30)

Proof. The proof of 1 follows as in Corollary 6. To prove 2, we note that when £ = 0
and Ty = 0, the model is AYX, = ¢, and for d € J; we find —27'log Lyrofiter(d) =
1 + log o?(d), where

2T

The convexity follows from the convexity of the function d +— |1 —

2 ™
02(d) _ E(Adfd0€t>2 — ﬁ/‘ ’1 _ ei)\‘2(d7d0)d)\.

eiA|2(d—do). -

3.2 Some moment relations

For ¢ = 1)y we want to find an expression for 02 and p°. We also prove that the asymptotic
covariance for (¢, ¢) is nonsingular.

We define, for ) € Ny, the process

k k
5t(w? ¢) = Adido(l - Z ¢iLé)Ad0Xt = Z piAd+ibXt7
=1 i=—1
and the stationary process
k

E(, ) = A1 =" ¢iL) (oer + A™Y),
i=1
for which

o*(Y, ) = Lim Var(e(v,9)) = Var(&(y, 9)).

For a symmetric matrix A we write A > 0 to mean that it is positive definite.
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Lemma 8 Under Assumption 1 it holds for model (1) that p°, = —my = 0 and for p, =
(P0, -+ i) and MW (g) = {My;(v0)}i;—o we have

P2 = (MWD (1)) 711/ (1" (MWD () 1), (31)
a5 = Py MO (o) pl = 1/(1' (MWD (3h)) 1), (32)
2 2 v o f Zopw o
D20 (¢ho, o) = 25 = 2( zoﬁ Zo;fjj ) > 0 for ¢or # 0. (33)

Under Assumption 2 when k > 0, we find for model (2) that (31) and (32) hold with
by = dy, and that

D202(d07¢0):2(é é 2)20(5 é fi) >0 for ¢or # 0. (34)

Proof. Let v = (vp, ..., v;)" be such that v'1 = 0. The coefficient of ¢; in the process U; =
ZZ o ViA DT X g ZZ o Vi = 0 and it follows that ¢, is independent of U;. Hence the proba-
bility limit of the product moment of U; with 3% p0A%+®0 X, = ¢, gives p% MM (1h9)v = 0.
Therefore p? is proportional to M™ (v)~11, which shows (31) since also 1’p? = 1. To prove
(32) we take the average of (3F_, pf Ad‘)“l’oX )2 = €2 and find the limit p” M® (10)p° = o2,
which proves (32) using (31).

We let E; ; denote the conditional expectation given the past, 71 = o{X_,, n >
0, 5, 1 < s <t—1}, and find that because €;(1)g, ¢g) = €; and D™e(1), ) only contains
lagged ¢; for m > 1,

E;_1(2¢Dei(1ho, o)) = 0, Ey_1(e:D%4(to, $o)) = 0, (35)
showing that &;De; (1o, ¢o) and £;D2%e;(1)g, ) are martingale difference sequences. To prove
(33) we differentiate o(¢), ¢) twice and find, for (¢, ¢) = (1o, ¢) and using (35), that

D20 (1, ¢o) = 2 lim E(Dey(tho, ¢0)De(tho, ¢0)') = 2E(DE; (v, o) DE (b0, ¢o)’) (36)

which we call 2.
We next want to show that ¥ is positive definite when ¢g, # 0. If ¥ were singular then

there would be constants «, 3, A1, ..., \x, such that the stationary linear process
0 0 ., 0
— (= - Ai=—)Et(, — o, =
(g =By ;1 8@)&(1# )|l y=yo,6=00 (37)

is identically zero, or equivalently that its transfer function is identically zero. The transfer
function for (1, ¢) is, see also (29),

fy = A=A =3 1= (1= 2)"))
L= Y doi(l = (L= =)

and that of the derivative process (37) can be expressed as

)

l%bg(l_y)_b%(l_y)bg(l_ v)éo(y)/&o(y) Z/\zy /6o(y

for &o(y) =1 — 328 b0t &oly) = — S0 Ligosy' P and y = 1 — (1 — ). Thus singularity

12
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of ¥y is equivalent to

k
log(1 — y)(a(y) — B(L = y)éo(y)) — bo > Ay’ =0 for all y.
i=1

The last term is a polynomial and the first is not, so this implies that A\; = 0 for all 7, and that
ato(y) — B(1 =) (y) = 0 for all y. Setting y = 1 we find that a&y(1) = a(l— 321, ¢o;) = 0.
Because there are no unit roots in &)(y), see Assumption 1, this implies that @ = 0, and
hence (1 — y)&(y) = 0 for all . This implies that 3 = 0 because & (y) is of degree k > 1
and ¢or # 0. Thus we have proved that «, 3, A1,..., A\, are all zero and the matrix g is
positive definite.

Finally, for b = d = dy and ¢ = ¢y we find (34) from o%(d,¢) = 0*(d,d, $) and the
relation
0? 0?

52 ,
gi” (0:di0) + 2457

"ok

82

72° o*(b,d, ) +

2(d, ¢) o2(b,d, ).

4 Asymptotic properties of the likelihood estimator

In this section we use the results of the previous sections to prove consistency and derive
the asymptotic distribution of the maximum likelihood estimator.

4.1 Consistency of the likelihood estimator
Theorem 9 Let Assumption 1 be satisfied for model (1) or Assumption 2 for model (2).
Then:
1. For model (1), ¥ € N(ny) exists and is consistent and (T*~'2%, ¢, 62) 5 (0, ¢y, 02).
2. The same result holds for the likelihood estimators cf, ¢E, 7, and 62 in model (2).
3. If k = 0 in model (2), the limit of the profile likelihood is convex on the interval Jy,
and P{minge s, (—27'D?10g Lyrosier(d)) > 0} — 1, so the profile likelihood is convex and 1)
exists uniquely in the set J(ng) with probability converging to one.

Proof. Proof of 1 and 2: We give the proof for model (1). Because N(7g)is com-
pact and the profile likelihood function is continuous, zﬁ exists on N(7), and hence also
(p,5?%), see (19) and (20). Convergence in distribution on N(7) to a deterministic limit
in (27), and continuity of the sup functional implies the uniform convergence SUDye N, | —

271 1og Lyrofiie ()] 50 and
sup | = 27108 Lyvogie,r () — (1 + log o” ()] 5 0. (38)
YeUrt N,
Let m(1)) be the probability limit given in (27) which has a a strict minimum at ¢ = vg. It
follows that for any § > 0,

inf m > 1+ logo?. 39
N (no)N{9:|p—1po|>8} (@) &9 (39)

Consistency of ¢ now follows from (38) and (39) by Theorem 5.7 of van der Vaart (1998).
Now take ¢ € N7 which contains ¢y and let p. = (po, - .., px). We express p(v), see (20),
in terms of the normalized product moments M% (1))

(7Y = omn (T Y (Y wasen (7))

p
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which by tightness of M’.(¢) and Theorem 5 converges in probability towards, see (31),

0 (o0
( (MWD (o)) ~11/(1" (MW (th)) 1) ) a ( P ) ’
where M® (1) = {M;(1ho) }¥ The result for (7, ¢) follows from the result for p.

i,j=0"

Proof of 3: For k = 0 and bJ: d, the limit of the second derivative of the profile likelihood
converges to D?(1 + log o?(d)) = D?logo?(d) > 0 for d € J;. Because the convergence is
uniform on the compact interval .Ji, it holds that K7 = {minge , (—27'D?log Lyofiier(d)) >
0} has probability converging to one and for such outcomes —27 ! log Lyyofie r(d) is strictly

convex, so the maximum likelihood estimator exists uniquely. =

4.2 Asymptotic distribution of the likelihood estimator

Because 7 is superconsistent we rescale 7 as § = T%~ /271, We find the asymptotic distri-
bution of the score functions and the limit of the information for 7 = ¥ = (dy, b, ¢o, 0, 5%).
By Lemma A.3 we only need the information at 7 since the estimators are consistent (by
Theorem 9) and the second derivatives are tight (by Theorem 5). We let D denote the 2 + &
vector of derivatives with respect to ¥ and ¢.

Lemma 10 Under Assumption 1 the limit distribution of the Gaussian score function for
model (1) at ¥ = (dy, by, ¢o, 0, 52) is given by
T-12Dlog Ly (7 Noyy (0,04%8
( 120 og T(7:) >i}( 2+k;1( 75 °%o) ), (40)
T %log LT(T) Yo fO BbgfldB
where g is given in (33), By,_1 = 05 Wy_1, B = a5 'W, and the two components are

independent.

Proof. Let &,(1h, ¢) = AYX, — 3% | ¢;ALiX,. Because &,(t, o) = €1, we find the score
functions for (v, ¢) and 6 to be

T
T7?Dlog Lyp(¥) = —62T7Y2 Y &,Dey(to, do), (41)
t=1
T
T’ng Lp(7) = 67277 (Ad~bop, X 42
55 108 r(7) =0 Z( boXt)Et- (42)

t=1
Because €;De; (10, ¢p) is a stationary martingale difference, see (35), with finite third moment,
we find the first result in (40) from the central limit theorem for martingale difference
sequences, see Hall and Heyde (1980, chp. 3). The asymptotic variance is found as the limit
TS0, Dei(bo, o) Der (o, o)’ L %, see (33) and (36). The second result follows from
(26). A similar argument shows, see (6), that we have joint convergence on D]0, 1] towards
the Gaussian processes (U, W, Wp,_1) :
(T'u]

(T2 Z eiDei(vo, ¢o), T2 A epry, T 2A e ipy) = (U(u), W (u), Wiy (u)),
t=1

where U is independent of (W, Wy,_1). The independence of the two components of (40)
follows because the stochastic integral fol Why,—1dW, which is defined as the L, limit of the
sums N~} Zf\;l Wio—1 (i) (W (uir1) — W(u;)), is measurable with respect to the sigma-field
generated by the processes (W, Wy, _1) and hence independent of U. m

14
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Lemma 11 Under Assumption 1 the Gaussian information per observation for model (1)
at ¥ = (do, by, o, 0,52%) converges in distribution to

—2
Og Eg 0 )
: 43
(0™ s o o
Proof. Let D denote derivatives with respect to (d, b, ¢), then the probability limit of

—T'D?log Ly (7) = 67T~ Z&D e(tho, o) + 62T ZD€t Yo, ¢o)Der (1o, do)’

t=1 t=1
is 05 2% by (33), (35), and a law of large numbers. For the remaining derivatives we find

LD o )

ST g L) = 6T Mgy () = M (1)

Y (0) 0 M) = 720 T o)) £,
T g o8 ) = 7 5 () 1 M) = Tt )
T 0g Ly () = 6T L M) = M ()

+az¢ () 7 G M) = T2 M)
11 dog L (%) = 57 g 1) = 2TV ME 1 () + T M ()

1 1
d 2 2 2 2 2
— 0y Wbo_ldu =% Bbo_ldu.
0 0

Theorem 5 shows D™ M* | ;1.(1) L0 for j =0,...,k and M*,_ (1) = 42 fol W2 _du.
The factor T2 ensures that the remaining terms converge to zero. m

We now apply the previous two lemmas in the usual expansion of the score function to
obtain the asymptotic distribution of the likelihood estimators.

Theorem 12 Under Assumption 1 the asymptotic distribution of the Gaussian mazimum
likelihood estimators i = (d,b,¢') and 7t for model (1) is given by
TYV2 (R — Noyy (0, 0251
(R ) = (pp i) ) (44)
™7 f() BbO*ldB/(VO fo Bbo—ldu)
where the two blocks are independent.

Under Assumption 2 for model (2) where d = b, we define & = (d,¢') and find

< TV2(k — o) > a ( Nigx (0,08 (Q%0Q) ") > (45)
T4 Jo Bay1dB/(0 fy B3, _1du) )’
11 0

where () = < 00 I > and the two blocks are independent.
k
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Proof. Proof of (44): To find the limit distributions of dA, l;, ngﬁ, and é, we expand the

first derivatives of I7(7) = —T~'log Ly(7) around the value ¥ = (kg,0,5?). Using Taylor’s
formula with remainder term we find (with subscripts denoting partial derivatives)
TV, (7) Ve Urig T'V2(k — ko)
— K KK K . . 4
o= (einy )+ (i i 7129 10

Here the asterisks indicate that the information matrix is evaluated at intermediate points
(for each row) between 7 and 7, which hence converge to 7y in probability by Theorem 9.

The score functions normalized by T%/? and their limits in distribution are given by
Lemma 10. Because the second derivatives are tight, see Theorem 5 and Lemma A.2, and
the intermediate points converge in probability to 79 we apply Lemma A.3 to replace the
intermediate points by 79 and find the limit of the information per observation in Lemma
11, see (43). Premultiplying by its inverse we find (44). The independence of the two blocks
follows from Lemma 10.

Proof of (45): The same proof applies. The asymptotic variance follows from (34). m

We remark that the asymptotic distribution is normal for the estimators of the fractional
and autoregressive parameters. The asymptotic distribution of the estimator of the unit root
is non-normal and of the Dickey-Fuller type, where the integrand BMs have been replaced
by fBM. Similar distributions have been obtained previously in the literature. For instance,
Tanaka (1999) and Nielsen (2004), among others, consider likelihood based inference in the
ARFIMA model and obtain asymptotically normal distribution theory for the parameters.
However, they do not allow for a unit root in the autoregressive polynomial and cannot
consider the asymptotic distribution of an estimator of a unit root. On the other hand, Ling
and Li (2001) do allow for a unit root in the autoregressive polynomial in the ARFIMA
model, and obtain results similar to ours except their functionals are in fact functionals of
BM since, in our notation, their b = by = 1.

Note also that the order of the fBM depends on the distance between the fractional order
of X; when m = 0 (the data generating process) and 7 # 0. That is, it depends on the
parameter by, but it does not depend on the fractional order of X, itself, dy. Finally, we
remark that the estimator of 7 is super-consistent since the rate of convergence is 7%, which
is more than root-7T-consistent.

5 The likelihood ratio test for a fractional unit root

We next consider the likelihood ratio (LR) test of the unit root hypothesis 7 = 0, i.e.
the Dickey and Fuller (1979, 1981) test in our model. The profile likelihood for (¢, ¢) when
m=01s

_2T_1 log Lproﬁle,T(,@Z)? Cb, ™= 0) = _2T_1 1Og OIP(?XZ LT(¢7 ¢7 97 02) =1 + IOg 5-2(77b7 ¢>a

where the restricted maximum likelihood estimators, zZ and qz when 7 = 0, satisfy %62 (zZ, qg) =
0, 6%62(1;, $) = 0, and the estimator for 02 is 7% = 2(1), ¢). Consistency of the restricted

estimator (i, ¢, 52) can be proved the same way as consistency of (), ¢, 62).

Theorem 13 Under Assumption 1 for model (1) the asymptotic distribution of the Gaussian
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log likelihood ratio statistic for the hypothesis m = 0 is given by
4 (Jy Br-1dB)?
— 1 .
fo Bfo_ldu
Under Assumption 2 for model (2) the same result holds with by replaced by d.

—2log LRy(m = 0) (47)

Proof. We give the proof for model (1) only, since the same proof can be applied for model
(2). Let Ip(1) = —2Tlog Ly (7) and denote derivatives by subscripts. Expansion of Ip,(7)
around 7y gives
0= lr+(7) = lr+(70) + I7, (T — 7o),
where [, is the matrix of second derivatives (the information per observation) with each
row evaluated at an intermediate point, see (46). Expansion of the LR test for 7 = 7y gives
—2log LRy(T =19)) = 2log(Lr(7)/Lr(10)) = T(7 — 70)' 155 (7T — 70)
= TlTT<TO)/(l;“TT)_1l;:§'T(Z;TT)_1ZT7'<TO) = TlTT(T()),(Z.}TT)_llTT(TO)’

say. With the notation 1 = (d, b, ¢, 02) we then get that —2log(Lz(7,8)/Lr(1,0)) is

T< Uz (r0) > ( iy g ) < Iry(o) )
I7o(To) i*Ten iT0 l7o(70)

Lro(0) — gy ()~ iy (70))?
= Ty () () (o) + T V) 0 (70)
(799 — ZTGn(ZTnn) ZTng)
Similarly we find under the null hypothesis # = 0 that

LT(ﬁ’ 0) Ton) k| —
Totne o) = Tlrn() ()™ (70) = Tl (o) (7)),

so that the test for m = 0, i.e. —2log(Ly(7)/Lr (7)), becomes
Ly (7)/Lr(ro) _ . (re(70) = 779, (i)~ lrn(70)) NN
—QIOg — = T " ” 1 -*7777 ” —|—TZT (7'0)/((2* ) 1—(7,** ) 1>lT (7’0).
Ly (7)/ Lz (7o) (4700 — L1on (ZTm;)illTnG) ! m i !
Because 7, is tight (see Lemma A.2 and Theorem 5), 7 and 7 are consistent, and T2, ()
converges in distribution, we find that T/2lp, (7o) (i) ™" — (i5%,) )T ?lry(10) = op(1).
Finally, we see by (43) that if,, (if,,) " = op(1), so that —2log(Lr(7)/Lr(7)) has the same
limit as

—2log

(T"2lr9(70))* 4 (Jo Bro—1dB)*
ir00(T0) fol B,?O_ldu

]

The asymptotic distribution of the LR test for a fractional unit root is of the Dickey-Fuller
type, but with fBMs replacing the usual BMs as integrands. Critical values of the distribution
(47) are easily obtained by simulation, see Table 1 for several values of by. In practice by is
unknown but can be replaced by 13, and critical values can be simulated on a case-by-case
basis or obtained by interpolation in Table 1. Similar distributions are obtained by Sowell
(1990), Chan and Terrin (1995), and Dolado, Gonzalo, and Mayoral (2002) for other test
statistics. In contrast, Ling and Li (2001) obtain the usual Dickey-Fuller distribution since
the ARFIMA model has b = by = 1.

Insert Table 1 about here
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Note that a test that X, is fractional of order one (or /(1)) is a joint test of 7 = 0 and
d = 1. The asymptotic distribution of the LR test of such a joint hypothesis is readily
obtained from Theorems 12 and 13 as the sum of (47) and an independent x3i-distributed
random variable.

6 Conclusion

We have discussed likelihood based inference in an autoregressive model for a nonsta-
tionary fractional process based on the lag operator L,. The model generalizes the usual
autoregressive model to allow for solutions where the process is fractional of order d or d — b,
where d > b > 1/2 are parameters to be estimated. The two fractional parameters and new
lag operator, Ly, that characterize our model (1) allow the process to have fractional orders
that differ by b under the unit root null hypothesis and the alternative. In the ARFIMA
model there is a different lag structure and only one fractional parameter and consequently
the fractional orders of the process always differ by exactly one under the unit root null and
the alternative. Hence, our model allows substantially more generality than the ARFIMA
model in this respect. Within this framework we have discussed model-based likelihood
inference on the parameters and on the fractional order of the process.

We model the data Xi,..., X7 given initial values X_,,, n = 0,1,..., under the as-
sumption that errors are i.i.d. Gaussian. The standard approach in analysis of fractional
processes is to set initial values equal to zero. We assume that initial values are observed
but not modeled, but we do not set initial values equal to zero. Thus our results are more
useful for applications of fractional processes.

Our main technical tool is to consider the likelihood and its derivatives as stochastic
processes in the parameters under the assumption that errors are i.i.d. with suitable moment
conditions. We apply these tools to prove that the likelihood and its derivatives converge in
distribution, and use this to discuss existence, consistency, and asymptotic distribution of
the maximum likelihood estimator, as well as the distribution of the associated LR test of
the unit root hypothesis. Conditioning on initial values results in the use of type II {BM for
the asymptotic analysis.
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Appendix A: Some results on convergence in distribution

We apply the results to processes indexed by the parameters defined on a large compact
set, but formulate them, as is usually done, e.g. Kallenberg (2001), for processes X, (s) with
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s = (S1,...,5m) € [0,1]™. For a sequence of p-dimensional stochastic processes X, (s) €
RP, s = (s1,...,8m) € [0,1]™, we write X,, = X or X,,(s) = X(s) to indicate convergence

in distribution of the sequence, either as continuous or cadlag processes on [0, 1|™, whereas

X, (s) NS (s) means convergence in distribution on R? for a fixed s. When E|X|? < oo we
define the Lynorm || X[, = (E|X|9)"?, where |X| = (tr{X'X})*/2 denotes the Euclidean
norm.

Lemma A.1 If X,(s) € R? with s = (s1,...,5m,) € [0,1]™ is a sequence of p-dimensional
continuous processes on [0, 1] for which X,(0) is tight and

[1Xn(8) = Xn (D)l lmr1 < cls — (48)

for some constant ¢ > 0, which does not depend on n, s, ort, then X,(s) is tight.

Proof. This is a consequence of Kallenberg (2001, Corollary 16.9). =

Below we apply Lemma A.1 for the product moments as processes indexed by 1 and
hence m = 2 for model (1), and for product moments indexed by d and hence m = 1 for
model (2).

Lemma A.2 If the continuous process X, (s) € RP with s € [0,1]™ is tight on [0,1]™ and
F :[0,1]* x R? s R? is continuously differentiable, then Z,(u,s) = F(u, X,,(s)) is tight on
[0, 1]k,

Proof. From Taylor’s formula we find F(u,v) — F(@,7) = (u — @)% + (v — 9)' %=,
where OF*/0u and OF**/0v denote partial derivatives taken in suitable intermediate points.
Because the partial derivatives are continuous and therefore bounded on compact sets, we
find the inequality

o PG 0) = F(@0)] < (u =l + o~ )M,
which we can use to evaluate the modulus of continuity of Z,(u, s) and thereby show tight-
ness. W

Below we use that the likelihood function for (1, ¢, 0, 0?), the profile likelihood function
for (¢, ¢,0), and the profile likelihood function for i) are all tight as processes in the pa-
rameters. Lemma A.2 shows that this follows from the tightness of the product moment

M.

Lemma A.3 Let the continuous process X, (s) € RP with s € [0,1]™ be tight on [0,1]™ and
let S, 5 s € 0,1]™. Then X,(S,) — Xn(so) = 0.

Proof. This result follows from P(|X,,(S,) — Xn(s0)| > ¢) < P(|Sn — so| > 0) + P(wx, (§) >
€), where wx, (§) = max;_z<s | Xn(s) — X, (5)| is the modulus of continuity of X,,. m

Lemma A.3 is especially useful when deriving the asymptotic distribution of the maximum
likelihood estimators via an asymptotic expansion of the score function. The remainder
term in the expansion is the second derivative of the likelihood function evaluated at an
intermediate point, which we can replace by the true value by application of Lemma A.3
and an initial consistency proof. Thus, we avoid finding a uniform bound on the third
derivative of the likelihood function and rely instead on showing tightness using the moment
condition in Lemma A.1.

19
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We conclude with a result which indicates how we are going to establish tightness in the
application of the result of Kallenberg.

Lemma A.4 We consider for 1 < t < T < oo the processes VJQF,Z’ = 1,2, which are
continuous in u € [0,1] and linear in the i.i.d. variables e, with finite sizth moment. We
assume that

Virlle < ¢ and [V = Vgzl> < clu — al, (49)
where the constant ¢ does not depend on (u,u) € [0,1]* or 1 <t < T < oo. Furthermore
we consider deterministic functions DI(;)T, which are continuous in u € [0,1] and satisfy the

condition
T

Jlel[%)li] T! (fot)T)2 —0asT — 0. (50)
’ t=1

Then the sequence of product moments
Sur =T Z wir + D) (Vi + D), T=1,2,....,
is tight in (u,v) € [0,1]? fori,j € {1,2}.

Proof. We decompose SMT as

uvT =T Z VutT + ‘ Z VU(ZT vtT +1" Z DutT vtT +1 Z Duzt)TthT (51)

t=1
To prove that the first term is tlght we apply the decomp081t10n

Til Z VutZ’%VvtT T Z VutT‘/;;(th =T Z utT utT vtT + V (V 2 — V;‘;(tj’])‘)

and the inequality (54) in Lemma B.2 and ﬁnd
T T
771D (Vi Vit = VarVtllls < 73 Vaar = Vi blIVai2llo + Va1V = Vil
t=1 t=1
< c(ju—al + v —17]) < eV2|(u— @,v — D).
This shows that the tightness criterion (48) from Lemma A.1 holds and that the first term
of (51) is tight. The last term of (51) converges to zero uniformly in (u,v) by (50) and is

therefore tight. The mixed moment is bounded by
T

T v p < 71 DY) y2y1/2 71 V(i) 2y1/2
Wr)nea[é{l]z Z| utT vtT| IQ[%’f]( ;( vtT)) Jg[%}f]( t:1( wr)”)

!

The first factor converges to zero by (50) and the second factor is Op (1) because T-* 37| (VU(Z)T)Q
is tight. Therefore the product converges to zero in probability. m
Thus to establish tightness of product moments it is enough to check condition (49) for

the stochastic components and (50) for the deterministic components of the processes.
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Appendix B: Some inequalities
Note the following properties of the L,-norm,
X+ Ylg < [[XTlq + [IY1lg: IXY g < [[XT2ql[Yl2g, [IXTlg < [[X]]r, for 1 < g <7 (52)

The first inequality states that || - ||, is a norm (triangle inequality), the second follows from
the Cauchy-Schwarz inequality, and the third from Jensen’s inequality.

Lemma B.1 Let ¢; be i.i.d. with mean zero and E|e;|** < oo and define Z = 322 &;e; for
some coefficients &; for which Z;io 532- < 00. Then

1Z1]2g < cqll Z]]2; (53)
where the constant c, does not depend on the coefficients &;.

Proof. Because |[AZ|lz, = |A|[|Z]]2g, we can scale the ¢'s so that Y722 &% = 1. We first
calculate the n’th cumulant k,(Z),n < 2¢. This is additive for independent variables and

homogenous of degree n, so that k,(Z) = > kn(§je5) = D720 §knlE)) = Knl€) 225720 &7
We next show the inequality Z;io &;]" <1, n=1,...,2¢. For an even number n = 2m,
this follows from » %7 &¥™ < (3°72,&7)™ = 1. For n = 2m+-1 we apply the Cauchy-Schwarz

inequality
Z ’6] ‘2m+1 Z ‘5] £2m Z 52 Z €4m

7=0
Thus the cumulants /in(Z yn=1,..., 2q, are bounded mdependently of £; when Z;’io é‘? =
1. Finally we find from Kendall and Stuart (1977, p. 70) that F(Z??) is a continuous function
of the cumulants x,(Z), n =1,...,2¢, and hence bounded when Z;io 5]2 =1 =

Lemma B.2 Let Uy, V;, X, Y;, t =1,...,T, be processes of the form >, &mnen, with finite
sizth moments and Y oo &2, < 0o, then

T T T
1D XU =) YiVills < e (11Xl |U = Villa + [[Val 2] | Xe = Yill2), (54)
t=1 t=1 t=1
where the constant does not depend on the coefficients &,.

Proof. The inequality follows by the properties (52) with ¢ = 3, and by using X,U; —Y;V, =
X(Uy — V;) + Vi(X; — Y;) such that

T T T
1Y XU =Y YiVills < Y 1IXuU = Vi)lls + [ |Vi(Xe = V)3
t=1 t=1 t=1

T
<> (Xl 10z = Vills + [ Vallol | Xe = Yills),
t=1

and then applying Lemma B.1. =

Lemma B.3 For |u| < ug, m >0, and j > 1 it holds that
D" (u)] < e(uo)(1 + log j)™j" 7, (55)

D" mi(u)| < c(ug)T (14 |log =

g (56)
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For —ug < v <u<uy, m=>0, and j > 1 we have
ID™m;(u) — D™ (v)] < e(ug)(u —v)(1 +log 7)™+, (57)
DT mj(u) — D™ 7;(v)| < c(uo)(u — v)(1+ |log %I)”‘“T_” ot (58)

Proof. Proof of (55): For m = 0 we apply Stirling’s formula

F(u + -]) 1 u—1 .
FrG + 1) Ty )
where maxs,<u<u, |€(u, )| — 0 as j — oo. This proves the result for dp < u < g, see also
Lemma D.1 of Robinson and Hualde (2003), but we want to extend the result to negative u
and m > 0.

For general u, possibly negative, we choose an integer ng > wug and take j > ngy, and
define g(u) = u(u+1)---(u+ng — 1). Then
= nf(_ﬁ)l) — .jﬂj_m(u +ng). (59)
Now we apply (55) to 7y, (u+ng) because u+ng € [ng — ug, 2no), and therefore find, using
(j—mno+1)---j>(j—ne)", that

mi(u) =

mi(u) =

1
T < (max — clug) (G — no) T < () (7 — mg)* Tt
73001 < (e gfo)]) o) = )"~ < clun)( )
because |g(u)| is uniformly bounded in |u| < ug. Finally,

I G =m0 T = (L= no /i) T S (L= me/j) T = Las j— oo,
such that max;~,, 7-“"(j — no)* ' < ¢(ug), which proves (55) for m = 0 and j > ng. For
J < ng we have finitely many terms and evaluate each of them as maxy <y, |m;(u)j | <
MAX]y|<yq [uutd). j,(“ﬂ Dl j=utl < 7 (ug) "0+ < ¢(ug). This completes the proof of (55) for
m = 0.

For m > 0 we apply the inequalities

Dlogm;(u) = Z

1 1 1
" < - +10gj+10g( j) < ¢(uo, 60)(1 +logj), u>0, (60)

[aary

- 1

ID™logm; (u)| = [(—1)"" Wt

i

| < ¢(ug, do), u > 0. (61)

1§
o

We find from (59) that

71-j—no(u + nO)
G—not+1)- _j(ug(u)Dlogﬂj,no(u + ng) + Dug(u)).

Here ug(u) and Dug(u) are uniformly bounded for |u| < ug, and Dlogm;_n,(u + ng) can be
evaluated as in (60) and 7;_,,(u + ng) by (55) because u + ng € [ng — ug, 2np). The result
extends to all j as above. This proves the full result for m = 1, and for m > 1 we apply (61).

Proof of (56): We first prove the result for 0 < dy < u < ug. For m = 0 the result follows
from (55). For m =1 we find

Drj(u) =

] 1

DT "7;(u) = —logT).

u 4+
=0

22
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We then apply the inequality, see (60),

[ary

U |
U+ 1

log% — c(up, dp) < —logT < log% + ¢(uo, o),

Il
=)

and find that .
DTy ()] < c(uo, G0)T 5"~ (1 + | log ).
For m > 1 we apply (61). This proves (56) for 0 < §y < u < ug. We extend the results to
|u| < up by applying (59) and noting that (56) holds for m;_,,(u + ng).
Proof of (57) and (58): This follows by the intermediate value theorem using (55) and
(56). =

Lemma B.4 Define s(t, o, f) = > 721 j°7 1 (t—5)7 "' and §(T, o, B) = maxin Y"1 aiiy [Ti—i(@) 1 (B)].

Then, uniformly for max(|al, |3]) < aq, it holds that
,i<t’ «, /8) S (CLO)(l —+ log t)tmax(a+ﬂ La—1,8— ) (62)
E(T, o, B) < c(ag)(1 + log T)Tmex(e+h-La-1,5- 170)‘ (63)

Proof. By symmetry we assume without loss of generality that 3 < «. Note that Robinson
and Hualde (2003, Lemma D.2) prove an analogue of (63) for « = § > 1/2, and that (62)
can be proved for Zj’:o mi(a)m_;(B).

Proof of (62): We consider three cases. First if § = 1, then max(aw + f — 1, —
1,8 —1) = max(«,0) and k(t,a,1) = Z; ~! jo~1. We compare 22;11 J* ! with the integral
flt r* tdr = a7 1(t* — 1), which is bounded by logt for o < 0 and t*logt for a > 0. We find
that

— i —1), a>1
a—1 « ( ) = < max(a,0)
> —{a‘l(t"‘—l)—i—l, 2] S logo) (64)

which is the bound for 3 = 1. Then we consider 3 > 1 and find (¢, o, ) < 771 Z;;ll jel <
tmax(atf=16-1)(1 4 Jogt) < ¢max(atf=18-La=1)(1 4 Jogt). Finally, if 8 < 1 then also a < 1.
In this case j ! is decreasing in j and (¢ — j)°~! is increasing in j. Therefore we have the
inequality

S S P YL C D W G

0<j<[t/2] [t/2]+1<j<t—1
so that, using the bound (64),
k(t, a, B) < et 1mex(@0 (1 4 logt) + t1maxB0)(1 4 logt)),
which is bounded by ¢max(e+8-1LA=La=1)(] 4 Jog¢).
Proof of (63): We first consider the sum

T T
> Imel@)maB <cla) Y (G=)"NG = k)T = clao)Rr,
j=max(i,k)+1 j=max(i,k)+1

say. In this case we first take § < a < 1, where we use (j —i) > (j —max(i, k)) and (j — k) >
(G~ max(i, ). Then Ry < S0 oiy 0 — max(i,£))752 < (1 + log T)mestes7-10)
Next we let 8 < a and a > 1, where (j —i)*! <T*"!. Then Ry < T} Z] ma“k)ﬂ(j
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k)Y~ < (1 + log T)To1+max(8.0) " The term with j = max(i, k) can be analyzed the same
way. W

Appendix C: Variation bounds

In this appendix we prove a series of lemmas containing variation bounds of the type
[|Viarllz < c and ||Vir — Vier||2 < ¢(u — v), which we use to verify condition (49) in Lemma
A4 for relevant processes and product moments. The first lemma covers the initial values,
the second and third lemmas deal with the nonstationary processes and (asymptotically)
stationary processes, respectively, and the fourth lemma concerns product moments including
both stationary and nonstationary processes.

We find from (12) that for v > 0, A"X; = A% X, + A” X, has the representation

A"X; = Y AL% e, + ATRTHOYE LAY+ AV X, t=1,2,. ., (65)
AYX, = A" X, t=0,-1,-2,....
The first term of (65) is asymptotically stationary if dy — v < 1/2. For dy —v > 1/2 it will,
suitably normalized and with sufficient moments, converge to fBM, see (6). The next term
is asymptotically stationary if dy — v — by < 1/2, and the last terms are deterministic trends

that are functions of initial values. In order to study the impact of the initial values we use
the representations,

I (L) = yAp% + AL F (L),
k
(L) = (A% = 3" A% (1 — AM)) proﬂbo
=1

for some coeflicients p?, see Lemma 1 and (4), so that

AiJrint _ _AflﬁinJr(L)lei (L)Xt _ _('YO + AZ_JEFJr Z pOAdJrzb doAdoJr]boX (66)

Lemma C.1 (Initial values) If | X _,| < ¢ and |u| < up,0 < g < v < vy then uniformly in
u,v and for co = c(ug, Vo, do) the initial values satisfy the relations

oo t—1

AN X = | (Y A (s (o)X

n=0 j=0
S 60(1 —|—logt)m+1t_min(u+v’u+l’v), (67)

am
|5 THALALXG] < co(1+ log Ty mintn o), (68)

From this it follows that for G(z) = Y">" o gn2™, Y v lgn| < 00, we have
t—1

am
‘G+( )a mAuAUXt‘ < co(1+logt m+1Z|gt n‘n min u+vu+1v) (69)
n=0
G (L) AT AY X, < (1 4 log T)r 1T minwte—), (70)

ou™
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Simialarly it holds that, uniformtly in dp < v < vy,

|8—A”Xt|—>0 ast — oo, (71)
o™
am
Y W AY mrvg
1I£lti}(T|8va A% Xy| < co(1 4 log T)™T™. (72)
Proof. Proof of (6’7)' We find
AUAU Xt Zﬂj Z Xt —j—i = Z Zﬂ'] 7T7’L+t ] ))X_n. (73)
= i=t—j n=0 5=0

From the bound ]X n| < ¢ we find by differentiating (73) and using D™;(d) < ¢(1 +
log j)™j°~1, see (55), that the main terms of the derivatives of the right hand side of (67),
corresponding to j > 0, are bounded by

oo t—1 oo t—1
e) > (Atlog )i Mt — ) <e(L+logt)™ Y Y i At — )
n=0 j=1 n=0 j=1

We then find Y 0 (n+¢— 7)1 =3 ]n*“*1 < ¢t — 7)7" because —v < —dy < 0,

so that the bound becomes ¢(1 + log )™ Z Vit — j) 7. The result follows if we apply

(62) of Lemma B.4 with « = —u and 3 = { _ . The term with J = 0 is treated similarly.
Proof of (68): We find, using (67), that

am UAU AV u m m—k 8k U AV
|5 T LAY X | = [T Z L ) (ogT)" o AYAT X
k=0

S C(]Tu(l +lOgT>m+1t—min(u+v,u+1,v) S CO<1+logT)m+1T—min(v,1,v—u,—u)7

where we used the evaluation 7"¢— min(utvutle) < p—min(v,Lv—u,—u)
Proof of (69) and (70): Follows from (67) and (68).
Proof of (71) and (’72) Uniformly for dp < v < vy we have from (55) that

|_AU Xl = Z _Wn 0)Xi—n| < o Z(l—HOg n)™n "1 < ¢ Z(1+log n)™n %1 = 0.
n=t n=t

Similarly we ﬁnd that

om m 8m—k 0
|—T“A” Xy < |T° Z (?) (log T)kﬁvm_k A’ Xy| < coT"(14log T)™ Z(l—I—log n)™n """t
k=0

which can be evaluated uniformly in 1 <t < T and 0 < §y < v < vg by

n=t

[e.o]

coT (1 + logT)™ Z(l +1logn)™n %1 < ¢o(1 + log T)™T™.
n=0
n

Lemma C.2 The deterministic terms Dy = A% p, + AT X, see (65), satisfy

qrpnz]ivx|D Dyl =0 ast— oo forn—1<i<k, (74)
ENnp
max max |[DMTHP0H2D 0 as T — 0o for —1<i<n—1. (75)

YEN, 1<t<T
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Proof. Proof of (74): We first consider ATy, see (66), and define v = dy + jbg € [do, vo]-
For v € N, and n — 1 < i < k we have u = d + ib — dy € [—1/2 + no, up]. We therefore
investigate |Gy (L)2~A%AY X,| for such (u,v). The result follows from (69) because the
exponent is bounded as min(u 4+ v,u + 1,v) > min(dy — 1/2 + 19, 1/2 + 19, dy) > 0. Hence
|G, (L)D™AdHb=do A%t x| (0 as t — oo uniformly for ¢ € N, since also 3.7 |g,| < oc.
For the term A" X, we apply (71) with v = d + ib € [1/2, ).

Proof of (75): We first consider T4+®=do+1/2A4%b,,, — Using (66) it is enough to in-
vestigate |G (L)DmTdtib—dot1/2 AdHib=do Adotib x| - \We define v = dy + jby € [do,vo] and

=d+ib—dy € [—do,—1/2 — ] for » € N, and —1 < i < n — 1. We apply (70)
to evaluate TV/2|G, (L)D™T*A% AY X,| uniformly in u, v, and ¢, and the exponent min(v —
1/2,1/2,v —u —1/2,—u — 1/2) is bounded by min(dy — 1/2,1/2, dy + 19,710) > 1o. For the
term T4+ib—dot1/2 A4+ X\ e define v = d + ib which for Y € N, and —1 < i < n— 1 satisfies
v =d+ib € [n,dy — 1/2 — 1o). Then we consider T'/2~%|D™TVA" X,|, and find from (72)
the bound

coTV?* (1 +1og T)"T 1210 < ¢o(1 + log T)™T ™ — 0.
|

Lemma C.3 Let Z; = Y . &nci—n be a stationary linear process with finite variance and

>0 o 16nl < o0, and define ¢z(h) = 02> 7 [&nl|&ntn] and Z;F = Efl 10 Encin. For m =
0,1,2 it holds that

DT H/2A% 25, < clvo, uo), (76)
DT 2AY ZF — DTN ZF || < (v, uo)|u — v, (77)
uniformly in vg < v <wu <y < —1/2.
Proof. We first note the evaluation |Cov(Z, Z},)| = 02| >0, Lln Enlniin| < dz(h), so
that

t—1
Vp = Var(D"T"V2AY ZF) = Var() DT Pry(—u) Z,F,)
i=0
t—1 t-1
<D0 DD T () [D T P () - ).
1=0 j=0
We apply the inequality (56) and find that V7 is bounded by
t—1 t—1
c(ug, vo)T* Y N i 1+\10g( ™1 (1 + | log (% )I) |02(i = j) (78)
=1 j=1
t—1 t—1—h

o, )T 32 05(h) 3 G-+ )7 15771+ o LERm o+ fos())

Now we evaluate | log(]T)| < |log(%)| and for —1 < uwe find (j+h) v j7u"t < j72u2
so that when —1 < u < wug < —1/2, Vr is bounded by

0 T . . 1
c(ug,v0) Y dz(h)T ™ Z(%)*QW?@H log(%)|)2m — c(uo,vo)/o 272072(14] log z|)dz < .
h=0 7j=1
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For u < —1 we evaluate (j + k)~ 1771 < T72v2 and find
00 T . 1
Ve < clug, o) S b2 ()T S (1 + [log(L))m — c(uo,vo)/ (1+ | log 2)?™dz < oo.
h=0 j=1 T 0
To prove (77), we apply the inequality (58) and then use the same proof. m

Lemma C.4 Let Z; = Z o &nEit—n be a stationary linear process with finite variance and

ZZO:O |€n| < o0, and define ¢Z( ) =0’ Zn:O |£n||€n+h| and Zt+ = Z; 10 §nEt—n. Form =
0,1,2 it holds that

ID™ALZ ]2 < e(uo, vo), (79)
ID™ALZ = D™ALZ |2 < efu, vo)lu — vl (80)
uniformly in —1/2 < vy < v < u < up.

Proof. Using (55) we find, as in the proof of Lemma C.3, see (78), the inequality
t—1 t—1—h
Vp = Var(D"AYZ') < c(ug,v0) > ¢z(h) Y (j+h)” “(1+log(j+h))™(1+1og j)™.
h=0 7=1
Let 6o < min(1/2 + vg, 1/2) and note that (j + h)~%(1 +log(j + h))™ and j~(1 + log j)™
are bounded in j and h and (j + h)74+%~! < j7utd—L hecause —u + g — 1 < 5 — 1/2 < 0.

Then
t—1 t—1—h

Vi < c(uo,vo)Z¢Z Z N R R e (AN Z¢Z ZJ —vo+80—1)
h=0

j=1
which is bounded because 2(—vy + dg — 1) < —1, which gives (79) because tho ¢z(h) < 0.
For Var((A% — AY)Z,") we apply the 1nequahty (57), and then use the same proof. m

Lemma C.5 Fori = 1,2, let Z;| = Zf:o EinEi—n satisfy Y " [&n| < ¢ < o0, and define
dii(h) =D, |§zn||§;n+h| Then for u < —1/2 < v we have
T ot-1 -1

Tu_l/zZAuzltAv Ziy =T Y N Y i~ w)m(—0) 25245 = 0.

t=1 i=0 j5=0

Proof. For ;1 = E(Z{;23,Z5;73), the second moment of the variable is

T t t
:T2“—1ZZZ@_¢(— w)m;_i( ZZZ% k(=)Mo (=0) i ey

t=1 i=1 j=1 s=1 k=1 I=1

T T
< T2U*1 Z Z ’ﬂ't,i( 7Tt j | Z Z ’ﬂ's k WS*Z(_U)HIU’LLkJ‘

ij=1 t=max(i,j) k=1 s=max(k,)
T
S T2u_1§<T7 —Uu, _U)2 Z |:ui7j7k,l|a
0,4, l=1
see Lemma B.4 for the definition of {(T', —u, —v). We want to prove that V; — 0 as T' — oc.



LIKELIHOOD INFERENCE FOR FRACTIONAL PROCESSES 28

From Anderson (1971, p. 467), for the case of stationary processes, we have that

il < 05(d11(i = k)daa(j — 1) + ¢r2(i — §)dra(k = 1) + 12 (i — D)ra(j — k)
mln(z] ke,l)
+ ry(e Z §1,i-né1,k—n82,j—n&2,1—n-
n=0
Summing over 1 < (4,7, k,1) <T and using the bounds
T min(%,5,k,l)
Z $ij(i — k) < cTZ Gis(h) <, > > Crininnbajnboin < T,
ik=1 ijkl=1  n=0
we find Vp < T271(T, —u, —v) (e1T? + ¢»T). Thus we find from (63) in Lemma B.4 that
VT < CT2u+1£(T, —u, —’U)2 < C(lOg T)2Tmax(7172v,71,2u7172v,2u+1)

The exponent is negative because u < —1/2 < v which shows that Vp — 0. m

Appendix D: Proof of Theorem 5

The derivatives of the likelihood function are functions of D" M (1)), see (16) and (17).
These product moments are functions of AYT*X, ¢ = —1,0,...,k, and their derivatives,
and we discuss the properties of these processes below. We next prove tightness by applying
Lemma A.4 for the normalized product moments, M3.(v), and using conditions (49) and
(50). Then we derive the limits of each of the product moments and the relevant derivatives,
and this completes the proof of Theorem 5.

We give the proof only for the general model (1). The same proof can be applied for
model (2).

D.1 Representation and tightness of the processes and product moments
From (65) we find for i = —1,0,...,k,and t = 1,2,. ..

A X, = Ao (o AbOYE) AT AT Y, — S Dy, (81)
Sit = ALT0 (e, + ARY), (82)
Dy = ATy + ATX, (83)

For ¢ € N,,, Siy = A%T®=do (e, + AWY}) is stationary if n — 1 <4 < k, and nonstationary
for -1 <i<n-—1.

Lemma D.1 Let Assumption 1 be satisfied for model (1) and letm = 0,1,2. Then DA% X,
satisfies condition (49) if ug > d +ib — dy > —1/2 + 1y, and DTHP~dH/2Ad+b X, sq1-
isfies condition (49) if —dy < d +ib —dy < —1/2 — 1. In the same cases D™Dy and
DmTdtib=dot1/2 D, satisfy (50). It follows that D™ M3.(3)) is tight.

Proof. We write AT X, = S+ Dy, see (81). The results for the determmlsmc terms follow
from (74) and (75) in Lemma C.2. Next let Z;" = 7o, +A%Y,;" = 32'% 7,6,_,, which satisfies
Yoo o |a] < 00, see Lemma 1. If d+ib—dy > —1/2+mn, then u = d+ib—dy € [—1/2+ 10, uo]
and DS} = DmAd“b do 7+ satisfies (49) by Lemma C.4. If d +ib — dy < —1/2 — 1o then
u=d+ib—dy € [~dy,—1/2 — mo] and DT d+P—do+1/25F satisfies (49) by Lemma C.3. m

D.2 Convergence of product moments
We want to find the limits of M%.(¢)) and its derivatives and thereby prove the results
(24), (25), and (26) of Theorem 5.
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Lemma D.2 Under Assumption 1 where q > 1/ny we find for T — oo that
Td+ib_d0+1/2Ad+ibX[Tu} — 70Wd0_d_,-b_1(u), ’QZ) € Nn, -1 S 1< n. (84)

Proof. We write A X, = Acfib_doyoet + Ai+ib_d°Alf}/;+ + D;;. It follows from (6) and
q>1/ny>1/(dy—d—ib—1/2) when ¢ € N,, and i < n— 1, that for ¢ = [T'u] the first term
normalized by T4+%=4+1/2 converges in distribution on D[0, 1] to YoWa,_a_ip_1(u). Next let
7 = AQHhdothoy t for which maxi<.<r E(|Z;7) < a, and define u = d +ib — dy + 1/2 <
—1no when ¢ € N, and —1 < ¢ <n — 1. Then

P T ZF| > ¢) < TP ZF| > T 3 E(Z1) < ac 4Tt

(o 7112 ) < 3 PUZ 2 07 < 30 ST < et
This converges to zero because 1+qu < 1—qny < 0, Whlch shows that 7@ +#—do+1/ ZA‘fib_do_bo Yt
converges to zero uniformly in ¢ < 7. Finally max,ey, max; <y T4 +1/2|Dy| — 0 for
—1<i<n—1by(75). m
Proof of (24): The continuous mapping theorem and (84) imply that for a fixed 1)

1
) d .
() = 73/ Wag—a-ib-1Wiag—a—jp-1du = My (), € N, =1 <1,j <n—1.

Since this holds jointly for finitely many ¢» and M7 (1) is tight, we have proved convergence
in distribution.
Proof of (25): We first take m = 0. Because S;; = A%t=do(yye,+ AbY}) = Z;’io Tij€t—j =
Sif + S; is stationary for v € N, and n —1 < i < k, we find E(T~'Y,(S;)?) =
odT™! Zt (3%, 72) — 0, so that the probability limit of 7713 S S5 equals that of

-t thl SitSj+ which exists by the law of large numbers. The deterministic terms have no
inﬂuence in the limit because of (74). Thus, see (22),

Migr() 2 Mij(4), & € Noy n=1<i,j <. (85)
The convergence in probability (and distribution) holds jointly for finitely many values of
1 € N,, so we have proved (25) for n —1 <1, j < k because M,;r () is tight. Next we take
—1<i<n—1<j <k and write
T
Gr() =T ZTdﬂb_dOH/Q(S; + D) (S}, + Dyr).
t=1
From (74), (75), and maxi<<r [|S;ll2 < ¢, maxi e [|THP~0T/257] |, < ¢, see (76) and

(79), it follows that we only have to show that T—1 ), THib—dotl/2g0 gy L 0. This
follows by Lemma C.5 for Z}} = Z5, = yoe; + A%Y," and u = d +ib — dy < —1/2 — 19, and
v=d+ jb—dy > —1/2+ 9. The convergence in probability holds jointly for finitely many
values of ¢ € N,, and tightness holds by Lemma D.1.

The derivatives D™ give rise to an extra factor (log 7)™, which does not change the proof.
Proof of (26): We write

ATTRL Xy = AN, — ANX = yg(ATe — &) + YT - AYYT + Dy, — D,
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see (81), where D, and DY), are calculated for ¢» = (dg,by). We decompose the product
moment of A®~% [, X, and ¢, as
T T T
TN (A e — e + T ) (Vi = ARV )e + Ty (D%, — Dyy)er. (86)
=1 t=1 t=1
For the last term we find
T

T
Var(T™" Z(Do—lt — Dg)er) < T2 T g3 Z(Do—lt — Dy)* — 0,
t=1 t=1

by (74) and (75). The second term of (86) is 7% S__ (Y, — A%Y,")e;, which is a sum of
a martingale difference sequence, so that

T

Var(T™ Y (v;F — AY,")e,) = og 772" Z Var(Y,h — AbYF) < et 0.
t=1 t=1
Finally, the first term of (86) is compared with the product moment of A;bogt and &;41

for which we have the convergence in (26), see (8), by showing that the difference converges
to zero. We find Zthl (A, — (Mg, — &) = Zthl ei(e, — AT e,), with mean zero

and Variance
T t-1 T t-1

Var Zet Thotlg,)) = g ZZTJQ by — 1) <CZZ]2 (b0-2) < p2max(bo—3/20)+1

t=1 j=1 t=1 j=1

Normalized by T—2% this converges to zero because by > 1/2, and proves (26) of Theorem 5.
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Table 1: Simulated quantiles of the distribution (47)

b() == 06 b(] = 08 b() == 10 b() == ].2 b() = 14

90% 2.52 2.70 2.95 3.18 3.33
95% 3.60 3.83 4.10 4.37 4.53
99% 6.34 6.60 6.92 7.23 7.42

Note: Based on 100, 000 replications and 7" = 1000.
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