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Abstract

Each extractor has a distinct quadratic extraction cost and faces a linear industry
demand schedule. We observe that the open loop and closed loop solutions are the
same if initial stocks are such that each competitor is extracting in every period in
which her competitors are extracting. (oligop july06.tex)
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1 Introduction

The best hope for understanding oil extraction markets "on paper" would appear to be via
oligopoly theory.! Here we present a new quadratic revenue, quadratic extraction cost case,
each extractor with her own distinct costs, in which open loop and closed loop competition
yields the same extraction paths. The sufficiency condition for the solutions to be the same
here is simply that the endowments of oil to extractors (the initial finite stocks) must be

such that each competitor produces positive quantities in every period.

2 The Model

The inverted market demand schedule is a — b[q} + ¢?], a and slope b positive. An extractor’s
current profit, given ¢} currently extracted, is 7'(qt, ¢?) = (a — blg! + ¢?))qt — [¢}]?d*. We

2 Spis firm i 's current stock remaining. Si., = S; — ¢i. Each firm

work in discrete time.
starts initially with a fixed endowment, Sj. We work here in the text with two extractors for
ease of exposition. In Appendix 2 we report on cases with more than two extractors. Each

extractor has extraction cost [¢/]?d’ with d° > 0. Our focus is on the case of d' # d*.(The

case of d' = d? is one of the two in Eswaran and Lewis [1985].) Each agent maximizes the

1 Eswaran and Lewis [1985] presented two interesting discrete-time examples in which open loop and closed
loop competition among extracting oligopolists yielded the same paths of extraction. For one case competitors
had distinct endowments and faced a constant elasticity industry demand schedule. This has recently been
re-worked in continuous time by Benchakroun and Long [2005] and has been employed in an interesting
exercise. In the other case, each firm had identical endowments and identical quadratic extraction costs and
the industry demand schedule was linear. We are then generalizing this last example by allowing for each

firm to have distinct quadratic extraction costs and distinct initial stocks.
2 We follow Eswaran and Lewis [1985]. The continuous time treatment of our problem might be simpler to

work out because endpoint conditions are quite restrictive. We discuss endpoint conditions below for our
discrete time formulation. Levhari and Mirman [1980] is a classic early closed loop oligopoly problem in
discrete time.



The Quadratic Oil Extraction Oligopoly

present value of her profit stream to quantity ¢4, subject to ¢t +¢5+...+¢»_; < Sg. 3 is the
constant discount factor, 0 < g < 1, the same for each extractor. We specify initial stocks
so that each competitor solves with ¢} + g5+ ... + ¢4, = Si; and these initial stocks are such
that each competitor produces positive output in the same period as another competitor is
producing.

For the open loop case, each extractor maximizes her present value of profits by choice
of a quantity stream, {¢t,qs,...,¢%_,}, taking the quantity stream of each competitor as
parametric. We can distinguish two cases. (1) "knife-edged" endpoints®: in this case the
initial quantities are such that in the final period, the ¢} , ’s are such that marginal profit,

mri —mct, for each firm satisfies,

[mr%fl(q},l, 9%71) - mc%“q(%lul)] = fa = [mr%,l(q},l, 9%71) - mc%q(qgul)]-

This implies that

[mT%—2<(h1“—2a Q%—z) - mclT—z((le—z)] = 52(1 = [mr%—Q((hl“—Qa Q%—z) - mCQT—2(QZQF—2)]a
[mr%—3<q11“—3’ Q:2F—3) - mclT_3(q}_3)] = 53@ = [mr%_?)(q%_?), Q%—:i) - mC2T—3(Q%—3)]a
and so on, ...

This backward recursion allows us to solve explicitly for each quantity extracted, namely

~ _ (1=BYHap+2d?] ~ _ (1=pPapb+2d?’] ~ _ (1=B%ab+2d4*] ~ _ (1=B%a[b+2d?] d
dr—1 = D » dr—o = D y qr—3 = D s Qp_y = ——p— ... an
~ 1—BY)ab+2dt 1—82)alb+2d* 1—8%)a[b+2d* 1—BY)alb+2dt

q%—l = (=2 )g L ]7 @—2 = 4= )g L }7 a%—?) = (=2 )%[ - }7 (/]\%—4 = L[W’ and

so on. This knife-edged endpoint solution is too special to merit much attention but the hat

3 The "knife-edge" terminal condition is central to continuous time dynamic optimization problems. See
Gelfand and Fomin [1963, p. 60]. Lozada [1993] discusses terminal condtitions for discrete time problems
and compares the "knife-edge" terminal condition with the "general" terminal condition. In brief, dynamic
problems end with a very restrictive condition in the "knife-edge" case and end somewhat "ragged" in
general. Our analysis focuses on the general case.
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q expressions turn out to be useful as components of the solution quantities for the general
case.
(2) "general" endpoints: initial quantities are such that in the final period, the ¢4 ’s

are such that marginal profit for each firm satisfies,

[mréfl(QTl“flaqg“fl)_mc%“fl((hl“flﬂ > Ba

and [mr%fl<Q%‘71>Q%fl) - mCZTﬂ(Q%fl)} > Ba.

For this general case, there is not a simple backward recursion yielding the solution values

for quantities extracted and this general case is the one which we focus on here.

3 Solving the Closed Loop Problem

In the closed loop case, competition among extractors is re-opened de novo at each consecu-
tive period, contingent on each player taking current stock levels as the current state of the
system. There is no commitment at period zero to an extraction path as there is with open
loop competition. Closed loop competition requires competitive outcomes to be worked out
for each period in a backward recursion or by dynamic programming arguments.

In the final period, we have

1 1 2 1/.1 2
VT—I(QT—DQT—I) = 7 (QT—DQT—I)
2 1 2 2/ 1 2
and Vi_1(q7_1,97_1) = ™ (r_1,97_1)
with Q%q = 5%72 - Q%fz and Q%q = 5%72 - Q%L?

There are no residual stocks at the termination of extraction for any extractor. Moving one
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period backwards in time toward the present, we have

Vilfz(szl“ﬂ _QJILmS%fz - Q%d) = anaX{WT 2(QT 27QT 2)
T—2

+BVT—1<S’}L2 - Q:lrfza 5%72 - Q%—2)}
and V2 ,(St o — qr 5, 5% 5 — @5 ) = max{w (q7 )
T7—2Wr—2 — 472,972 — 472 2 T—2\d7— 2>QT 2
T—-2

+BVE 1 (S—o — G2, S5y — a7_5)}-

Assuming differentiability of the V. ,’s, the maximizations yield

mry_o(Gr_o, Gt—o) — mer_o(Gr_) = Blmry_(St_o = Gr—9y ST_o — G7—5) (1)
—mcr_o(Sr_y — ar_s)l;

Mg o(qr 9, G7—o) — MEr_o(qr_5) = Blmrz_ (St o — Gr 9, S7_5 — 47
—mcr_o(ST_y = 47_5)); (2)

which simplify to:

! = 1. 2. 3
r—o = 1+5qT1+1+5T2 [ ; (3)

for @, = %w, D = (2b+2d")(2b+2d?) —b*. This result in (3) is central because each
competitor’s current extraction is being represented as independent of the other competitor’s
current level of stock.? Tt is as if each competitor were extracting from her own stock,
independently of the other extractor. The pair of equations in (2) is also fundamental
because they are a template for further backward steps in the solution.

The envelope theorem simplifies the "generation" of the equations for proceeding to

solve for gr._5 and ¢% 5. We end up faced with the following system to deal with. Current

4 This two firm, two period result was first observed by Michael Brolley, an undergraduate research assistant
who was checking some of our detailed notes on the Eswaran-Lewis research. We were surprised to get
essentially Eswaran-Lewis results for our considerably more general specification of each firm’s initial stock
and extraction costs.
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marginal revenue minus marginal cost for a firm is the appropriately discounted marginal

revenue minus marginal cost at the "terminal" period. That is:

mT%_g(q%_g;, Q%—3) - mC%F—3<Q:1r—3) = ﬂQ[mTT 1(5 Q%—m S%—2 - Q:Zr’—2)
_mCITA(SJle - 9%72)]7
mr?p,;g(q%,g, CI:2F73) - mC%,g(q%,?,) = 52 [mr:ZF71<S:1F72 - Q%fzy 572“72 - Q:Qrfz)

mCT 1(5 ‘JT 2)];

The envelope theorem yields the "cancellation" of mr — mc terms for intermediate dates.

Using the result in (3), this pair solves as:

oo _1v8 o Ea

R BB S W

(1 —B*)alb + 2d’]
Sk

s[9r—s —qry] i=1,2 (4)

for Z]”f_g =

We observe each current extraction a function of the extractor’s current stock. This in-
dependence property is essential to the sameness of extraction paths under open loop and
closed loop competition.® Moving one period toward the present, we again consider first

order conditions (again invoking the envelope theorem)

mr71“74(Q%747 Q%74) - mc%’f4<QI1“—4) = 53 [mT%A(SJle - 971"727 5%72 - 9%72)
—mc%,;Q(S%fz - Q%fz)]a
mr%_4(q¢1p_4, Q:2F—4) - mc%_4(q%_4) = 5 [mTT 1(5 - Q%—m S:%—z - Q%—z)

_mCT 2<S QZ2F—2)]a

5 Details are provided in Appendix 1.
6 See Eswaren and Lewis [1985] for details on the sameness of open loop and closed loop solutions.
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and using (3) and (4) obtain

; L+8+6° g’ i & o
r_4 = 1+ﬁ+52+53QT_3+1+5+5+5[ST —qr_1 ]
(1 —B%alb+ 2d]

D .

for i = 1,2and @ 5 =

(In Appendix 1 we fill in the details of solving for ¢4 ,.) We observe the independence
property present when we extend the backward recursion from the future toward the present.
For T — t we get”

P E L L o e
= 1+8+62+3%+.. +5Tt1Tt1
BTtl
148+ P+ +.. g

fori=1,28

We illustrate with a numerical example. We take extractor 1 to be high cost with d* = 0.3
and d* = 0.2. The inverse demand schedule is 10 —0.1{q} +¢?}. The discount factor, /3 is 0.8.
For three periods of positive extraction, we turn to our formulas above and obtain g1 = 0,
gr_, = 1.0, ¢»_, = 1.8, and gr_5 = 2.44, with endowment S7. ; = 5.24; and g2 = 0,
g%, =14,¢% , =252 and g2 5 = 3.416, with endowment S2_, = 7.336. We now consider
the closed loop problem with endowments St _, = 5.0 and S%_, = 7.0, each slightly less than
the endowments above, namely those selected to have a special end point condition. Using
our formulas above for the ¢' 's, we obtain, ¢t _, = 2.377, ¢+ , = 1.7, and ¢} ,0.913; and
¢ 5 = 3.326, g5 _, = 2.41, and ¢%_, = 1.264. These values are identical with those which
solve the corresponding open loop problem (the one with commitment at the intial period

by each player).

7 There is a check on these derivations. We know the exact expessions for the gi_,. We can replace the
corresponding expressions without hats with these with hats and verify that in each case the right hand sides

for our "formulae" match the left hand sides.
8 There is a very similar set of formulas for the case of a single monopoly extractor with quadatic extraction

costs and facing a linear demand schedule.
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The final step is to substitute for the ¢’s in the present value profit functions in a backward
recursion to obtain, VT1—1(S:1F—17 S%—1)a ng—l(sil“—la Sizr—l)a V%—Q(‘S%‘—% S:2r—2)a Vzg—2(5%’—27 S%—2)7

Vi 3(St_3,57_3), Vi 3(S1_3, 5% 3), and so on.

We can express each ¢y , as Al + piSi ,. (We have solved for the \! and pi explicitly
above. Note that A} = 0 and i = 1.) We display the coefficients of our equation in cases
1 through 4 and the nth, as they appear in the equation of the form,” V}! ,(SL , 52 ) =

Al +B}!SL ,+C}S2 , + D}St_,)* + E!S;_,S2 ,. That is:

Al =M(a— (b+d A —bA)

AL = {A3(a — (b+dH)A; — bAY)

+BOAL = mAs)(a — (0 +dY) (A — ) — b(A2 11123))

Az = {N3(a = (b+dY)A3 = bA3) + B — paAg)(a — (0 +dY) (g — pad3) = b(A3 — 123))
+52()‘i - /h)\é — (1= Mz))‘:la)(a —(b+ dl)()\l Ml)\z — (1= M2)>‘3)

_b()‘% - Nl)‘g — (1= M2))\§)}

Ap = {Nla = (b+dHA = bAD) + B0 — psAy)(a — (0 +d") (N3 — pshy) = b(A; — 13A7))
+52()‘§ - M2)\é — pa(1 — M3))‘411)(a —(b+ dl)()‘é - N2)\3 fio(1 — M3))‘4)

_b()‘g - Mz)\g — Ha(1 — M3))‘z21) + 53()‘i - MM% — (1 Mz))\3 pq (1 = pp) (1 — M3))‘i)
x(a—(b+ dl)()‘i - Ml)\é — (1= Mz))\é — (1= po)(1 = M3))‘4) b()‘% - /h)‘g

—p (1= M2))‘§ — g (1 = pg)(1 = Ms))‘i)}

= {/\7lz(a - (b+ dl))‘}z - b)‘i) + 5(/\711—1 - :Unfl)\}z)(a’ - (b + dl)()\}z—l - :unfl)\}z)

—b(A\p 1 = M1 A0)) A e+ BTN = A = g (1= o)Ay — oo = g (1= pa) X
(1 = 1))‘ )( —(b+ dl)()\i - M1>\é — py (1 — #2))\% — = (1 = pg) X
(1 = 1))\ ) — b()‘Q /h)\g —py (1 — ,Uz))\?; == g (1= prg)... (1 — Mn71>/\721)};

3115%71 = {p1(a —2(b+ dl))‘i - b)‘%)}siltl

3215%72 = {us(a —2(b+ dl))‘% - b)‘g) + By (1 = pg)(a — 2(b + dl)()‘i - Nl)é)
_b()‘% - /vh/\z))}sjl“ 2

B3St_y = {ps(a = 2(b+ d" )Ny — bA3) + Bpa(1 — pz)(a — 2(b + d') (A — ppA3)
_b()‘g - M2/\2)) 2#1(1 — o) (1 — pz)(a —2(b+ dl)()‘i - Ml)\é — (1= Mz))‘é)
_b()‘% - Nl/\z 1- N2))‘2))}571“—3

BiSt_4 = {u4(a —2(b+d")Ay — bAY)

+
pa

9 These value functions satisfy the Bellman equation: V;/(S/, S7) = max ;i {7*(q/, ¢7)
BV (S} — ai S7 — ai)}-
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+B15(1 — pg)(a — 2(b+ d") Ay — uzA1) — b3 — p3Ap)) + B2 4a(1 — p13) (1 — p1y)

x(a = 2(b+d") Ay = koA — pia(1 = p3)As) = D(A; = A5 — 1y (1 — p1) (1 — p13)\s))
+ﬁ3ﬂ1(1 — p)(1 = p13)(1 — pg)(a —2(b + dl)()‘i Nl/\l ( M2))‘1

=y (1 = pp)(1 = ,U3>)‘411) - bO‘% - M1)\§ — (1= M2>/\§ - /h(l — o) (1 — N3))‘Z)>}S%—4

B St = {pn(a =200+ d )X, = 0AL) + Bp 1 (1 — g ) (@ = 2(b+ dV) (N = i, 1 Ay)
_b()‘iq - /’Ln—l)\i>) +ot Bn_llh(l = fig) X o X (1= p)(a —2(b+ dl)()‘% - M1)‘§
—m(1— Nz))‘é — o= iy (1= prg)eee (1= 1)) = BT = 1y A5 — g (1 = N2)>‘§

== iy (1= i) (1 = /’l’n—l))\i))}s%—n;

Ollsizr—l = _b{ﬂl}/\is%q

0215%—2 = _b{ﬂz/\; + By (1 — M2)(/\% - Ml/\%)}s%—2

C:%S:%—L% = _b{ﬂ?,/\:la + Bus(1 — Ms)(/\é 2/\:13) + 52M1(1 — Ha)(1 — 1)

X (AL — Ay — (1 — Mz))‘é)}s%—s

C1SF_y = —{bpahg + Bug(1 — pug) (A3 — 13 Ay) + 5219 (1 — prg) (1 — 1) (A3 — 112 A3
—pa(1 — MS))‘}l) + 53111(1 — ) (1 — p3)(1 — M4)<)\% - Ml)‘é — (1= M2)/\é
1 (1= pg) (1 = p13)A3)} 74

C%,S%*TL - _{bun)\}z + /8/’1“7171(1 )()\ 17 My 1>\1) + ...+ 6n 1:“1(1 - H2>

x (1 - %)()‘]1L - Ul)‘% =y (1 = pap) é o= g (T = pg) (1 — pa, 1) A )}S% n
D%(S%fl)Q =—(+ dl){(ﬂlﬁ}(sll“fl)
D%(S%Q)Q =—(b+ dl){(ﬂ2)2 + B(py (1 — M2))2}(511“72)2
D3(St_3)* = —(b+ d"){(3)* + Blua(1 = p13))* + 8% (11 (1 = p12) (1 = p13))*}(St_5)°
Di 5%74)2 =—(b+ dl){(ﬂ4)2 + Bus(1 — M4))2 + 52<M2<1 — pg)(1 - M4))2
+8% (1 (1 = ) (1 — pug) (1 — 1)) }(S1)?

Dy(St-n)* = = (0 + d ) { (1) + Blh—1 (1 = ) + oo+ B (1 (1 = )
X (1= 1))} (ST-)%

E115:1F—1S:2F—1 = _b{(ﬂl) }Szl“—1SZZF—1

E%S%“—QS%—Q = —b{(p ) + B (1 = N?))2}S%“—28%—2

E3St 557 5 = —b{(113)* + Bua(1 — p13))? + 52 (11 (1 — pag) (1 — 113))*} St 557 5
E}St 47 4 = =b{(11a)® + Bz (1 — 14))* + B (19 (1 — pr3) (1 — puy))?

0% (y (1= p2) (1 = 1) (1 = p1q))?} ST_4SF 4

E%S%’fns’%fn = _b{(:un)2 + ﬁ(:un71<1 - :Un))2 +...F Bnil(ul(l - MQ)
X (1 - Mn))2}5%fns%fn
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4 Concluding Remarks

Our initial scrutiny of end-point conditions for the quadratic oligopoly exhaustible resource
extraction problem led us to the surprising discovery of the well-behavedness of the closed
loop version with each extractor with distinct quadratic extraction costs and distinct initial
holdings of stock to extract. The well-behavedness extends to the closed loop and open loop
solutions being the same provided each extractor is doing positive extraction when each of
her competitors is doing positive extractions, a seemingly weak requirement. We know that
such well-behavedness is present when industry demand is specified as constant elasticity and
each firm has no cost of extraction but future research will reveal if these two cases exhaust
the list of oligopoly extraction problems in which open loop and closed loop problems exhibit

identical extraction paths.
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Appendix 1: Calculations for obtaining 4 , with 2
firms
Profit for firm 1 is

771T—4 = {a - b[Q%—4 + CI%—4]}Q%—4 —d' [@’—4]2

+8 [{a = blar_s + dr sl ar_s — d'lor_s]"]

+3? [{a —blgp o+ G7 oltar o —d' [9%72]2]

+3° [{a = b[St—2 = @10 + SF_2 = 47|} [S7_o = Gr_o] — d'[St_5 — a7 )] -
There is an analogous profit statement for firm 2, with the chief difference the presence of
cost parameter d* in place of d*. For these profit statements, we have explicit substitutions

for ¢+ 5, ¢r_5, and ¢%_5 and ¢%_,, expressions already obtained earlier in the backward

recursion, namely

i 1 54 .
dr—2 = 1+5QT 1+1+55T2 1=1,2
. 1+ - 3’ : -
and ¢ 3 = —Bzfl o+ ——————[r—3 — @p_4] 1=1,2.

14848772 148+8

7T1 o .
When we make the substitutions and solve for gqf*“ = 0. Exploiting the envelope theo-
T—4
rem, we get
20 + 2d!] R R
a—[2b+ le]q%,4 - bQ:2r74 = Bg{a - m[ T—4 — Q:1r74 - Q’}Ll - Q:luﬂ}
b e s
—53{m[5% —47p—q — Q71 — Gr-o)}

and for the analogous first order condition for firm 2 in

2b + 2d?] .
a—[2b+2d%¢3 , — bgr_, = 3a—[—52, — @y~ T — G
[ lgr—4 — bar_4 B4 1+ﬁ+52[T4 474 — 411 T2}
b
3 1 1 ~ ~
—{——=IS 4= Q1 — Qp_s)}-
6{1+B+6[T —Aqr—4 — 471 T-2l}
We solve for ¢7._, and ¢2_, in these two linear equations to get
i L+B+B B’

4= s+ St = Qo — G i=1,2.
T4 1+5+52+53QT3 1+ 8+ B +53[ — Q1 — Qo]

10
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We emphasize that each extractor’s current quantity extracted is being expressed as a linear
function of her own current stock alone, even though each extractor has distinct extraction
costs. Below we provide detail for solving for the ¢4 , 's for the 3 firm case. This detail
"works" as well for the two firm case above. One can readily see the "transition" from the

backward recursion from period 7" — t to period T"—t — 1.
Appendix 2: More than Two Firms

Moving backward two periods, the first order conditions for profit maximization over the

two end periods for each of the three firms are

a— [Qb + 2d1]Qilr—2 - bq%_g - bq%_2 = B{a - [217 + leKSYl“—Q - Q%—2) - b(S%—2 - Q%—2)
_b<S%—2 - Q%—2)>

a— bQ%—2 - [26 + 2d2]¢1%—2 - bQ%—z = ﬁ{a - b<5%—2 - CI%—2) - [2b + 2d2](5%—2 - Q%—2)
_b(Sigtz - Q%J)’

a— bQ%ﬁ - bQ%fz - [2b + 2d3]q§’~,2 = ﬁ{a - b(Siltz - 5171"72) - b(S%a - Q%ﬁ)

—[2b+ 2d°)(S7 5 — 47 )-

This is three linear equations in ¢+ ,, ¢2_, and ¢, :

[2b + 2] b b Ir—2
b [2b + 2d?] b @z,
b b 2b+2d% | |3,

(1= B)a + B[2b+ 2d*] St _, + BbSZ_, + BbS3._,

‘ -

= (1 — B)a + BbSE_, + B[2b + 2d?|S2_, + BbS3._,

—
+
=

(1 —B)a+ BbSL_, + BbSZ_, + B[2b + 2d3]S3._,

11
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The solutions are

1 B
1 ~ 1
o = |/ qr_1+ St_
qr_o _1+5 dr_1 _(1+5)_ T—2
C o1 g
2 ~2 2
o = |/ 971+ St_
dr_o _1+5_ dr_1 _(1‘1‘5)_ T-2
C o1 AP
3 ~3 3
o = |/ |41+ S
dr_o _1+5_ dr_1q _(1_{_5)_ T-2

for gh_, = [%52] a{[2b + 2d%)[2b + 2d°] — b[2b + 2d%] — b[2b + 2d°] + b*}, @3-, = [Z2] af{[2b +
2d")[2b + 2d%] — b[2b + 2d"] — b[2b + 2d°%] + ?}, G_, = [52] a{[2b + 2d*][2b + 2d?] — b[2b +
2d'| — b[2b+ 2d?] + b*}, and A = {[2b+ 2d"|[2b + 2d?][2b + 2d®] — b?[2b+ 2d*] — b?*[2b + 2d?] —
b?[2b+ 2d3] + 2b3}. These solutions or "extraction rules" have the identical form as those for
the two firm case.

What we are dealing with generically is a system of the form

b b |¢ A+ kLS +05% + 053

b K b |¢*| = |[A+bST+E2S?+ 053

b b K| A+ bSt +bS? + K353
for k' 's, b's, A’s and S’ ’s positive scalars. The presence of the A’s lead to the solution

for the ¢ part of our solutions above. We are however interested in when the solution ¢*

depends on S? alone. This leaves us to focus our attention on the reduced system

b b |¢ k1St + bS? 4 bS3

b k2 b |¢?| = [bST +E2S% + 0SB

b b k| | bSt + bS?% + k353

This system is fundamental to our result that ¢ solves in terms of S alone. We verify that

this 3 equation system solves with

¢ = {k'(K2K* — [b]2) — b(bK® — [b]?) + b([b]> — bE*)}S', i=1,2,3.

12
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We now indicate how a proof by induction on the size of our system of equations estab-
lishes that each firm’s current extraction, ¢* can be expressed as a function of its own current
stock S* alone. We illustrate the induction step of moving from an (n — 1) x (n — 1) system,
for which the result is assumed true, to an n x n system. We consider now the corresponding

4x4 system in terms of 3x3 subsystems (this illustrates the key step in an induction proof).

b b b |t kSt + bS? +bS3 + 0S4
b k2 b b ¢ bS' + k%2S% 4+ 1S3 + bS4

b b kb | bSt + bS? + k353 + bS*

b b b K'Y |t bS' + bS? + bS? + k1S4

The solution for ¢! for the above system can be written

K b b
kSt
i) xdet | p k3 b
b b k!
K b b bS' + k2S24+bS?+bS* b b

2

b
e xdet |y g3 p | = 5 xdet [pStypS? 4 kBS3 4 bST KD b

b b Kk bS + bS% +bS3 + k1S4 b KA

K2 b b k2 bS! 4+ k252 £ bS3 1+ bS* b
3 b

+f><det b k3 b —Exdet b bS'+bS?+ k353 +bS* b

b b k4 b bS'+bS?+bS3+ kSt k4

K b b k2 b bSY+ k2S? +bS% + pSt

bS4 b
+3><det b k3 b —Exdet b k3 bS'+bS?+ k393 + bS4

b b k* b b bS'+bS?+ bS5+ k1St

13
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E b b
]{31 1
5 det | p k3 b
N
( T s B 7 r T
bSt b b k> bSY b K b bS?
b
_E det bSl k3 b + det b bSl b + det b /{33 bSl
bSt b k* b bSt K b b bSt
\ L . L . L d
b b k?S? +bS* 405t b b
bS? b
+3det b k3 b —Edet bS2 + k393 £ 1S4 K3 b
b b Kk bS% +bS3 + K4S bkt
K b b k* k2S? 4+ bS% +bS* b
+b53 det 3 — b det 2 3g3 4
D b kb D b bS*+Ek>S°+05* b
N b bS?+bS%+ k1S k4
E b b K b k*S? 4+ bS? 4 bS*

bS* b
tdet | b g2 b | —pdet b B b5+ kPSP 4 b

b b k* b b bS?+0S%+ k454
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K b b

kSt
= o detip b
b b K

bSt b b k2 bSt b K2 b bS!
-5 det |pst k3 p| +det | p pst p| +det | p k3 pSY| o
bSt b k? b bSt K b b bSt

since the last six terms cancel each other pairwise,

Kb b b
b k2 b b
for D = det , leaving the solution for ¢! simply in terms of S'. W
b b kb
b b b Kk

The induction step is the observation that the three terms on the right hand side in the
last three pairs of terms in the penultimate large expression are each the essentials for a
solution for ¢* in a 3x3 system. Hence we have established that if the result is true for a
2x2 sytem, and for a (n — 1) x (n — 1) system, it is true for an n x n system. (In fact we
established it true for a 2x2 sytem, and then made use of its validity for a 3x3 system in
establishing the result for a 4x4 system. We simply illustrated the key step in a complete
induction proof.) We have established that for any finite number of firms, each firm’s current
quantity extracted can be expressed as a function of its own current stock alone. This is the
key step in characterizing the closed loop solution. (Given our calculations it is obvious that
the open loop solution is the same.) Besides drawing on the quadratic nature of revenue and
extraction cost for each firm, the key property in inferring that the open loop and closed
loop solutions are the same is that in the solutions, each firm ends up extracting over the
same number of periods as each of its competitors. This requires that each firm’s endowment

of stock must be "right" in order that our demonstration of the sameness of the open and

15
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closed loop solutions is valid. Hence sufficient conditions for the open loop and closed loop
solutions to be the same are (a) quadratic forms for revenue and extraction cost per firm
and (b) "appropriate" endowments of stock for each firm at the initial date.

In general, the systems to solve in terms of periods in the backward recursion for the

three firm case are in the form

mr}ﬂt((hluta qguta qglt) - mclet(q}ft)

= B 1[mrT (T2 = 42,572 = @72, 575 = G7—) — Mer_5(St_5 — Gr_»)]
mrt_ (44 47—, qg‘—t) —mcr_,(g—,)

= B 7Umr 1 (Stg — 479, 572 — 472, St_0 — G7_) — MT_5(SF_5 — G7_)]
mr:%—t(Qil“—tv Q:Qr—ta Q%—t) - mc%“—t(Q%—t)

= ﬁt 1[m7”T 1(5 C]%—m S%—2 - Q:Qr—za S%—2 - Q%—2> - mc%‘—Q(S%—Q - Q%—z)]-

The non-mechanical step is substituting for (S%_, — ¢4 _,) each time one moves backwards
in the recursion. Crucial here is the fact that the matrix algebra is essentially the same for
each period in the sequence. Hence our induction proof sketched above holds for any date

for n firms. For the 3 firm case, we have for t = 3, the system

_a_ _[2b + 2d'] b b _ _q%_:;
al — b 2b + 2d?] b @G_g
a b b 20+ 243 | |3,
— BEESh s — aho — @] — 5157 - G-
1+5 (573 = G7—s — @]
_ 52 - 1+5 [St_5 = @r—5 — Gp_1] — [217112;2 (S5 — @75 — @71
1+g (573 — dp—s — @]
- 1+,3 [ST—3 = @r—s — @] — 1+g (S5 — ¢t_s — @7
i %[ST 35— @73 — Gr_] |

leading to solutions
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[ (1+ 1. [ 2 | e
dhy = | T | @t | T S -
(14 1. - 9 :
Chgts = % Q%fz"‘ % [572“ 2 CIT 1]
1+8) ] [ 2] .
qg’r—s = % CI%—Q + % [S% 2~ Q%—l]

For t = 4, we have

-a- -[Qb + 2d!] b b _ -q%»_4-
al — b 20 + 2d?] b @A,
a b b 20+ 243 | |43,
[ﬁ;ic; [S -4 Q:1F—4 - @—1 - /q\:lr’—Q] 1+5+52 [S T—4 - E]\%_l - a\%—z]
Sty — o Ty — B
_ a— 1+5+5 T 51— T-4— Qr-1— Qr—o] — Eﬁ;id;] (74— Gt—s — @1 — G7—a
1+5+52 [ST—4 = G4 — Gp—1 — Gp—o)]
a— 1+5+52 [St—4 = Gr—a — Gp—1 — Gr_s] — 1+5+ﬁ2 [SF—4 = @7—4 — GF_1 — G_o]
_ —E S g — Gy — G _

leading to solutions

[ 14+8+6% ] [ 3 7 ~ N

1 1 1 1 1
T e e g s B A 1S7-4 = G52 = 01—

[ 1+6+8 ] i ] S

2 2 2 2 2
_ = _ + S_ _ _ _ B
qT4 _1+ﬁ+62+53_ qT 3 _1+ﬁ+6 —|—63_ [ T—4 qu qT 2]

[ 1+8+6 ] [ B° I .

3 3 3 3 3
4 = Qr_s + St 4 — Gy — G
QT4 _1+ﬁ+62+63_ T-3 _1+ﬁ+62+63_[T4 T-1 T2]

and so on for additional "terms" in the backward recursion. It is easy to see how the system

of equations changes with each step backwards. The central result is of course that the
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expressions for the solved ¢'s end up as linear functions of each own stock alone for each

step back in the recursion. For arbitrary date T'— ¢, an induction proof would establish the

validity of the "general term", given say M instead of 3 firms.
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