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Abstract

This paper analyzes the semiparametric estimation of multivariate long-range
dependent processes. The class of spectral densities considered is motivated
by and includes those of multivariate fractionally integrated processes. The
paper establishes the consistency of the multivariate Gaussian semiparametric
estimator (GSE), which has not been shown in other work, and the asymptotic
normality of the GSE estimator. The proposed GSE estimator is shown to have
a smaller limiting variance than the two-step GSE estimator studied by Lobato
(1999). Gaussianity is not assumed in the asymptotic theory. Some simulations
confirm the relevance of the asymptotic results in samples of the size used in
practical work.
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1 Introduction

Consider a real-valued covariance stationary g-vector process X; that is generated by

(1— L)% 0 X1t — EXyy U
1 1
= s —§<d1,...,dq<§,
0 (1— L)% Xg— EXqy Ugt
(1)
where u; = (uqe, . ..uqt)’ is a covariance stationary process whose spectral density
fu (A) is bounded and bounded away from zero (in the sense of positive definite
matrices) at the zero frequency A = 0. This is a multivariate extension of a scalar
fractionally integrated process (the so-called I(d) process), and the time series X,; ex-
hibits long-range dependence whenever d, > 0. X; becomes a multivariate ARFIMA
process when u; is a vector ARMA process, but the specification (1) does not require
uz to be of this or any other parametric form.

Fractionally integrated processes have a time domain representation that natu-
rally extends conventional ARMA models and are the most widely used long-range
dependent time series in econometrics. The relationship between the value of the
memory parameter and the persistence of a shock is easily understood in terms of
the coefficient in the expansion (albeit this is only formal for d > 0)

2 T'(d+k)
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8= 2 g &

where I' is the gamma function. Discussion and examples of recent empirical ap-
plications of fractional integration are found in, e.g., Bollerslev and Wright (2000),
Brunetti and Gilbert (2000), and Henry and Zaffaroni (2003).

Let f(A) denote the spectral density of X;, so that

s
B(Xe ~ EX)(Xly~ EX) = [ ™ f(an
—T
Define ®()\) = diag((1—e™) =%, ... (1 —e)"%), then f(\) = ®(\) fu(N\)P*(\) (e.g.,
Hannan, 1970, p.61). The memory parameters, d,, govern the long-run dynamics of
the process and the behavior of f(A) around the origin. Therefore, if empirical interest
lies in the long-run dynamics of the process, it is useful to specify the spectral density
only locally in the vicinity of the origin and avoid specifying the short-run dynamics
of u; explicitly. How this is done turns out to be a matter of some importance.
Assume f,()\) satisfies the local condition

fuN) ~G, A—0,

where G is a real, symmetric, finite, and positive definite matrix. This will be so for
any u; having Wold representation u; = C' (L) e, with C (1) finite and of full rank.
Since

(1— e =22 ™21 O(N), A — 0+, (2)



(Lobato, 1997; Phillips and Shimotsu, 2004), it follows that
F(\) ~ diag(A~%ee™a/2) G diag(A"%ae "™ a/2) X = 0 4. (3)

If f,(A\) = G(14+ O(MN)) as A — 0, then a more refined local approximation to the
spectral matrix at the origin is given by

FN) ~ diag(A~% /(= N/2) Gdiag(A e HTN2) [1 4 oA |y 04,
(4)
as shown in section 2.

When f()) is specified locally as (3) or (4), estimation of d, is semiparametric
and only uses information on the long-run dynamics of the process. Semiparametric
estimators are robust to misspecification of the short-run dynamics, because they are
agnostic to the behavior of the spectrum away from the origin.

In the univariate case where f(\) ~ GA72¢ as A — 0, one attractive semiparamet-
ric estimator was proposed by Kiinsch (1987) and analyzed by Robinson (1995b). The
estimator, a Gaussian semiparametric estimator (GSE), is based on the maximization
of the frequency domain Gaussian likelihood function that is localized to the vicinity
of the origin. The GSE generally has several advantages over other semiparametric
estimators, including efficiency and weaker distributional assumptions. Lobato (1999)
has already analyzed one version of the multivariate extension of GSE. His approach
involves two-step estimation, which is based on a first-step univariate estimation of
dy,...,ds and a Newton-type second step. Lobato shows asymptotic normality of
this two-step estimator.

We consider semiparametric estimation of d when the spectral density has the
general local form given in (3) or (4). The specification (3) extends the local spec-
ification of the scalar spectrum f(\) ~ GA™%¢ to the multivariate case. It includes
multivariate fractionally integrated processes and is general enough to accommodate
the presence of poles and zeros at frequencies away from the origin (Phillips and
Shimotsu, 2004, provide an example of the latter). In (3), the memory parame-
ters appear in the two factors A% and ¢™/2 and hence the estimation of the dg
needs to take both A=% and e"%/2 into account. The representation (4) involves
both A% and e ("=Mda/2 g that there is an additional linear factor in the complex
exponential. These additional dependencies on the memory parameter in the multi-
variate spectrum make the analysis more difficult but utilize the correct specification
of the spectral matrix around the origin. Lobato (1999) considered semiparametric
estimation of d from the following simpler alternate local form of spectral density!

F(N) ~ diag(A\~%)Gdiag(A~%), X — 0. (5)

When X, is generated by a multivariate fractionally integrated process such as (1),
however, estimation based on the specification (5) cannot provide efficient estimates

'The specification (5) is also used in Lobato and Robinson (1998) to construct a nonparametric
test for weak dependence. Lobato and Velasco (2000) extend it to analyze the two-step Gaussian
semiparametric estimation of multivariate nonstationary long-range dependent processes.



of d,. This is because the off-diagonal elements of the spectral matrix of X; have a
nonnegligible imaginary part in the neighborhood of the origin and thus a complex
asymptote at A = 0, as is clear from (4). So, f(A) in (5) does not belong to the
class of spectral densities specified in (3) or (4). Indeed, we are not aware of any
physically realizable time domain model of multivariate time series whose spectral
density follows (5), except those special cases where G itself is diagonal (which implies
there is no long run covariance between the elements of X;), or where d, = d for all
a (in which case ®(\) = (1 — e*)~?I, and the long range dependence is identical
across components). In general, when G has nonzero off-diagonal elements, f (\) has
complex off-diagonal elements involving d,. In particular, the phase spectrum of X
and Xp; is nonzero (and depends on d, and dj) even at the zero frequency. This
means that different memory patterns in X,; and X3; induce phase shifts in the cross
spectrum of these variables at the origin. Since there is information in the phase
patterns of the data about memory, taking the correct local form (3) into account in
GSE estimation should improve the efficiency of estimation. The results of this paper
show this to be so and indicate that the impact on efficiency can be significant.

We also prove the consistency of our multivariate GSE. Two-step estimation is
partly motivated by its computational ease, because a two-step estimation is faster
in general than a high dimensional direct minimization. However, in view of modern
computational resources, a direct minimization of the objective function with respect
to the ¢ memory parameters is not likely to cause any practical difficulty. Indeed,
the simulation in this study confirms it. Some direct minimization methods such as
Nelder-Mead simplex algorithm dispense with numerical/analytical derivatives which
are necessary for the evaluation of the score function and Hessian. Although the proof
of the consistency of univariate GSE by Robinson (1995b) is not directly applicable
to the multivariate case, a proper modification of this proof enables us to handle the
nonuniform convergence of the objective function and establish the consistency of the
multivariate GSE.

The GSE is shown to have a Gaussian limiting distribution. As anticipated, the
limiting variance is different from, and smaller than, that of the GSE analyzed by
Lobato (1999). As indicated above, the gain in efficiency arises because both real
and imaginary parts of the spectral density and periodograms are utilized and the
presence of d, in the factor ¢/"=N4e/2 in (4) provides additional information on d.
Simulations with multivariate fractionally integrated processes confirm this increase
in efficiency in finite samples. In addition, we prove the consistency and asymptotic
normality of the GSE of Lobato (1999) under (3) and show its limiting variance is
different from the one derived in Lobato (1999).

The remainder of the paper is organized as follows. Section 2 describes the GSE.
Consistency of the GSE is demonstrated in Section 3, and Section 4 derives its limiting
distribution. Section 5 shows the consistency and asymptotic normality of the GSE
of Lobato (1999) under (3) and compares it with our GSE. Section 6 reports some
simulation results, and Section 7 concludes. Proofs are given in Appendix A in
Section 8. Some technical results are collected in Appendix B in Section 9.



2 Multivariate semiparametric estimation

We consider semiparametric estimation of d = (dy, - - - ,dq),, which uses only Fourier
frequencies in the neighborhood of the origin and hence is nonparametric with respect
to short-run dynamics of the data. Define the discrete Fourier transform (dft) and
the periodogram of X; evaluated at frequency A as

ZX e, =w(\)w* (N,

27m

where x* denotes the conjugate transpose of x. For the reason explained in Section
3, it is useful to consider a local approximation at the origin that is finer than that
given in (3). Since |1 — e = |2sin(A\/2)] and arg(l —e?) = (A—7)/2for 0 < X < ,
we have

(1—-e™? = (|2sin(\/2)))’ expli(A — 7)8/2]
= Mexpli(A —7)0/2](1 + O0(\?)).
This is merely a refinement of (2), but the smaller error magnitude (O()\2?)) will
become essential in the analysis in Section 4. Since f,(\) ~ G as A — 0, we have, for
the Fourier frequencies \; = 27j/n with j =1,...,m and m = o(n),

FG) ~ M(d)GAG(d),  Aj(d) = diag (Aja(d));  Ajald) = AT T A0/2 0 (6)

Therefore, the Gaussian log-likelihood function localized to the origin is
1 & " " -1
Qu(G.d) = — Z {1og det A;(d)GA*(d) + tr [(Aj(d)GAj (d)) I(Aj)} }
= Z logdet Aj(d)GAZ(d) + tr [GT Re [A;(d) I (A\)AN ()]},
=1

where the second line follows because both @, (G,d) and G are real. Using the
fact that det AB = det Adet B for any complex matrices A and B, the first order
condition with respect to G gives

ZRe M)A (d) 1)

Substituting this into @, (G, d) in conjunction with the fact that
log det A;(d) + log det A} (d)

= logdet Aj(d)A}(d) = log(diag(\; ™)) QZd log )\,



we obtain the objective function
~ g 1 &
R(d) = logdetG(d) —2 dg— log A,
(@ = logderGd —23 du Yo,
~ 1 & _ .l
G(d) = %ZRe [Aj(d) " T(A)AS(d) ]
j=1

In the following, we denote the true parameter values by G° and d°. The estimator
is defined as

d = arg minR(d),
deo

where the space of admissible estimates of d°, ©, takes the form © = [A1, As]?, with
—1/2 <A1 < Ag < 1/2.

3 Consistency of the estimator

We now introduce the assumptions on m and f(\) needed for the consistency of
the estimator. Let fu()\) and G, denote the (a,b) th element of f()\) and G°,
respectively.

Assumption 1 As A\ — 0+,
far (N) = ™da=B)2G0, \~da=di 4 o\~ ®) g b=1,...,q.

Assumption 2
(o0 o0
Xt—EXt:A(L)Et:ZAjEt—jv ZHAJH2<OO7
=0 3=0

where || - || denotes the supremum norm and E(ei|Fi—1) = 0, E(ees|Fy—1) = I a.s.,
t =0,%1,..., in which F; is the o-field generated by 5, s < t, and there exists a
scalar random variable € such that E<? < oo and for all n > 0 and some K > 0,
Pr(||e¢]|> > n ) < KPr(e? > 7).

Assumption 3 In a neighborhood (0,4) of the origin, A(\) = 3772, Aje is dif-
ferentiable and

9
O
where Aq(N) is the a’th row of A(\).

As(\) = OOH[ALWN)|)  as A — 0+,



Assumption 4 As n — oo,

1
—+T—>O.
m n

Assumptions 1-4 are multivariate extensions of Assumptions A1-A4 of Robinson
(1995b) and analogous to the ones used in Robinson (1995a) and Lobato (1999). In
Assumption 1, replacing eim(da=d))/2 with e{(m=N(da=d})/2 qoes not make a difference
because e — 1 = o(1). Assumption 3 implies dA,(A\)/ON = O(A"9~1)  because
[AaI| < (Aa(N)AZ ()2 = (27 faa(N))2. -

Under these conditions, we may now establish the consistency of d.

Theorem 1 Let Assumptions 1-4 hold. Then, for dy € O, C/Z\Hp d® as n — oco.

4 Asymptotic normality of the estimator

We introduce some further assumptions that are used in the results of this section.
They are analogous to the assumptions in Lobato (1999).

Assumption 1’ For € (0,2] and a,b=1,...,q,

Fap (A) = T Na=d))/2)\~di=dy G0 — O(\~da=B+F) a5 X\ — 0+ .

Assumption 2'  Assumption 2 holds and also for a,b,c,d = 1,2,
E(eatgbtsctu?tfl) = fabc @-S-, E(eatgbtectgdt’thl) = Mabed, t= 0, +1,... ’

where |,Uabc| < oo and |:Uabcd’ < o0.
Assumption 3  Assumption 3 holds.

Assumption 4 As n — oo,

1 m!'*P(logm)? logn
~ 4 +
m n2h mY

— 0, for any v > 0.

Assumption 5 There exists a finite real matriz H such that
Aj(d)TTAN) = H+o(1), as )\ — 0.

T—X)(d5—dY)/2 im(d3—dJ)/2

Assumption 1’ does not hold for 3 > 1 if we replace el with e
because ¢ = 1 + O()\). Assumption 1’ is analogous to the ones used in Robin-
son (1995a) and Lobato (1999) and is satisfied by certain multivariate ARFIMA
processes. See Robinson (1995a, p.1056) for further discussion. Assumption 4’ is
slightly stronger than the assumptions in Robinson (1995b) and Lobato (1999), i.e.,
m~! +m! 20028 (logm)? — 0. It is satisfied if m ~ Cn¢ with a finite positive con-
stant C'and 0 < £ < 23/(1420). The third term on the left hand side of Assumption



4’ is necessary in establishing the convergence of the Hessian. Assumption 5’ comple-
ments Assumption 1’ in that it controls the degree of approximation of the transfer
function by A;(d°). This assumption obviously implies HH' = 27G? and is satisfied
by multivariate ARFIMA models.

Theorem 2 Let Assumptions 1'-5 hold. Then, for d° €In(©), as n — oo,

- 2
m'/? (d—do) —aN((0,QY), Q=2 GOQ(GO)*1+I,1+%(G‘J@(GO)*l—Iq) :

~ o~

Gd) —,c,

where ©® denotes the Hadamard product.

5 Comparison with the estimator of Lobato (1999)

Lobato (1999) analyzes the two-step GSE that uses the objective function based on

(5):

d = argminR(d),
deo

where

q m m
~ ~ 1 ~ 1
R(d) = log det G(d) -2 ) :da% > logh;, G(d) = ~ > Re [diag()\?“)l(/\j)diag()\?“) :
a=1 j=1 j=1

and shows that, when the spectral density of X; follows (5), m'/2(d — dy) —q
N(0,271), where E = 2[G° ® (G)~! + I]. Because G° ® (G°)~! — I, is positive
semidefinite (Horn and Johnson, 1985, p. 475), d has a smaller (in a matrix sense)
limiting variance matrix than d except when G is diagonal. B

The following Theorem establishes the asymptotic behavior of d under the As-
sumptions 1-4 and 1’-5’. Intriguingly, d is consistent and asymptotically normal
despite being based on a misspecified model (5). Define

Eo = diag(¢™/?),  G° = Re [£,G°8;], G =Im [£G°&]].

Theorem 3 (a) Let Assumptions 1-4 hold. Then, for dy € ©, glv—>p dy as n — oo.
(b) Let Assumptions 1'-5 hold and assume m3n=2(logm)? — 0. Then, for d° €Int(©),
as n — oo,

m1/2 <J_ dO) —a N (Oa Q) , Q= Q_l’rﬁ_lv

0 = 2[6° 0@ +1,],
T = 2[@0@((;0)—1 +Iq}+2((50)—1 éo(éo)—l)@éo
~2((@7c") o (6" 13°) .
G(d) —, G



The additional assumption m>3n~2(logm)? — 0 is necessary because the misspec-

ification of the true spectral density by (5) involves the term ei*i(da—dp)/2 O()\j).
Misspecificaton of the true spectral density does not affect the consistency of d but
G(d) converges to G and hence is an inconsistent estimate of G°. Since the (a, b)th
element of G is GO, cos(m(dg —dp)/2), G(d) underestimates the off-diagonal elements
GO,

The asymptotic variance of d. takes an involved form. An interesting special case
is df = = do, whence G? = G, @ = =0, and @ reduces to 27!, In this case, (3)
coincides with (5 ( ) under the true dgp. However, if not all d,, are the same, the spectral
density has a complex part, which provides an additional source of identification. d
fails to take into account its presence and hence is less efficient than d. In more
general cases where d are not the same across all a, both Qand Y depend on the
value of d° and an explicit analytic comparison between Q! and Q is not available.
A small numerical evaluation and the simulation evidence below indicate that d is
more efficient than c?, which comes as no surprise since d is based on the correct
specification.

We compare the diagonal elements of Q~! and @ with the asymptotic variance of
the univariate GSE (= 0.25) when ¢ = 2. G is chosen to be

GO = [ ; ’1) ] . p=0.0,0.2,0.4,0.6,0.8.
|dy — da] is set to 0.0, 0.2, and 0.4. The value of @ depends on d only via |d; — da|,
and € does not depend on d. Table 1 reports (271)1; and Q11 and their ratio to 0.25.

When p < 0.2, the variance of the three estimators is not substantially different.
When p > 0.4, both (271)1; and Q17 are noticeably smaller than 0.25, and they
decrease as p increases. (11 is always larger than (27 !);; and approaches 0.25 as
|di — da| increases, but it is always smaller than 0.25. Therefore, we may expect a
nonnegligible gain in efficiency from estimating the elements of d jointly, and the gain
may be substantial, especially when both real and imaginary parts of the spectral
density are taken into account.

6 Simulations

This section reports some simulations that were conducted to examine the finite
sample performance of d (hereafter GSE1) and d (hereafter GSE2). The sample size
and band parameter m were chosen to be n = 128, 512 and m = n%% and the
statistics in the tables were computed using 10,000 replications. We generate X; by
truncating the infinite order moving average representation of (1):

. - < (1—5)% (1_%)@ ) [( e )1{1:2 1}],

() = v (e[, 1)),



n+2,000 observations of X; were generated, and the first 2,000 observations were
discarded. Minimization of the objective function is carried out using the Nelder-
Mead simplex method.

Tables 2-4 show the bias, standard deviation, and root mean squared error (RMSE)
of both estimators with n = 512 and the ratio of their variance to the variance of the
univariate GSE. The values of d were chosen to be (0.2, —0.2), (0.2,0.2), and (0.2,0.4).
Three values of p were used; p = 0, 0.4, 0.8. Table 2 shows the results for p = 0.
Both GSE1 and GSE2 have little bias for all values of d. The standard deviation and
RMSE of GSE1 are slightly higher than those of GSE2. The limiting variance of the
two estimators is the same, and the simulation results appear to corroborate it. The
bias, standard deviation, and RMSE do not appear to be affected by the value of d.
Table 3 shows the results for p = 0.4. GSE1 has a smaller standard deviation and
RMSE than GSE2. The variance of GSE1 is not affected by the value of d, while
the variance of GSE2 increases as |d; — da| increases. Table 4 shows the results for
p = 0.8. Both GSE1 and GSE2 have smaller standard deviations than the case when
p = 0.4. In Tables 2-4, the ratio of the variance of GSE1 and GSE2 to that of the
univariate GSE is close to its theoretical value given in Table 1. A simulation for a
single set of (dy,d2 p) with 10,000 replications took around 30 minutes on a PC with
a dual 2.0 Ghz CPU running the Linux operating system, so a direct minimization
by the simplex algorithm did not cause computational problems.

Tables 5 and 6 compare the two-step version of the GSEs with those obtained
by direct minimization by the Newton-Raphson method with line search for selected
values of d and p. The two-step estimator is computed by taking a Newton step
from the first-stage estimates, which are obtained by the univariate GSE. Analytical
derivatives are used for both two-step and NR GSEs. For GSE1 with n = 128 and
p = 0.8, the estimator computed by direct minimization has a substantially smaller
variance than its two-step counterpart. For all other cases, the two-step method and
direct minimization give very similar performance. The results in Table 6 are also
close to the corresponding results from the Nelder-Mead simplex method in Tables 3
and 4.

Table 7 compares the estimates of 2rG = [(1, p)’ (p,1)] by GSE1 and GSE2. From
Theorem 3, G(d)12 will converge to G2 cos(m(dy —dz)/2) instead of G2, whereas the
diagonal elements of G are consistently estimated by GSE2. cos(w(dy — d2)/2) takes
the value of 0.81, 1.00, and 0.95 when |d; — da| is 0.4, 0, and -0.2, respectively. The
simulation results confirm the downward bias of GSE2 in the off-diagonal elements
of G, although the bias is small except for |d; — d2| = 0.4.

We examine the accuracy of asymptotic inference based on Theorem 2 by testing
a hypothesis Hy : (d1,d2) = (dY,d3) by a Wald statistic:

W =m(d — d°)Q(d — d°),

where Q is obtained by replacing G° in the definition of  with @(c/l\) In univariate
GSE estimation, Hurvich and Chen (2000, p. 164) report that the finite sample vari-
ance of GSE estimators tends to exceed their asymptotic variance. Hurvich and Chen
find replacing m in the variance estimate by a number ¢, improves approximation,

10



where ¢,, is defined as?

1 m
cm:ZV?, ijlog)\j—RZlog)\j.
j=1 j=1

Since ¢, /m — 1 as m — oo, this modification does not alter the asymptotic distri-
bution of the test statistic. The modified Wald statistic takes the form

W, = em(d — d°)'Q(d — d°).

Tables 8 and 9 report the rejection frequencies with 0.10, 0.05, and 0.01 asymptotic
critical values for n = 128, 512 and various values of (p,d;,ds). The unmodified
Wald statistic W always overrejects the null, and its size distortion is substantial, in
particular when n = 128. The modified Wald statistic W, also overrejects, but its
size distortion is much smaller than that of W, and it seems to have a reasonable size
when n = 512. In view of the general overrejecting tendency of Wald tests, we may
conclude that W, provides a good inferential tool when n is not too small.

7 Concluding remarks

This paper analyzes the semiparametric estimation of multivariate long-range depen-
dent processes. The class of spectral densities considered is motivated by and includes
those of multivariate fractionally integrated processes.

This class of spectral densities has both real and complex parts even around the
origin, and the memory parameter affects both the slope and phase of the spectral
density around the origin. As a result, modeling this dependency correctly achieves
the efficient estimation, while ignoring it results in misspecification.

A Gaussian semiparametric estimator (GSE) that takes this dependency into
account is proposed. It is shown to be consistent and asymptotically normally dis-
tributed. Its limiting variance is independent of the memory parameter, with the
potential for substantial efficiency gain over univariate estimation. The GSE that
ignores the phase shift is still consistent and asymptotically normally distributed de-
spite its misspecification. But it is less efficient than the GSE based on the correct
specification, and its limiting variance depends on the memory parameter. Simulation
results corroborate the asymptotic results, and a properly modified Wald statistic is
shown to have a reasonable finite sample (~ 500) size.

This paper sheds light on the importance of and potential difficulty in extend-
ing the univariate semiparametric modeling and estimation of strongly dependent
processes into a multivariate context.
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8 Appendix A: Proofs

In this and the following sections, C' denotes a generic constant such that C' € (1, 00)
unless specified otherwise, and it may take different values in different places.

8.1 Proof of Theorem 1

Define 6 = (61,---,0,) = d —d° and S(d) = R(d) — R(d°). Fix 1/2 > § > 0, and
define N5 = {d : ||d—d"|| > §}, where ||-|| denotes the supremum norm. For arbitrary
small A > 0, define ©1 = {0:0 € [-1/2+ A,1/2]?} and Oy = ©\Oq, possibly empty.
Without loss of generality, assume A < 1/4. Then we have (c.f. Robinson, 1995b, p.
1634)

Pr <H&f\— || > 5) < Pr (infﬁm(a S(d) <0

< m(m%masung+Pmmmﬁmngm. (7)

For the first probability on the right of (7), rewrite S(d) as

q m
N ~ 1
S(d) = kg&%Gw)—bg&%GM%—2§ affE log \;
m
a=1 Jj=1

R o 201 +0y)
= logdet G(d) + log <7Tm>
n

q m
—22&1 %Zlogj—logm
a=1

j=1

—log det é(do)

= log A(d) — log B(d) — log A(d®) + log B(d°) + Sa(d),

where
o2rm\ ~ 201+ +0q) R q
aw = () detG(d),  B(d) = T] (200 + 1) det &,
n
a=1
q T q
Sao(d) = —22% EZlogj—logm —Zlog(%a—i—l). (8)
a=1 j=1 a=1

Since m™t>"T"logj —logm +1 = O(m~'logm) (see, e.g. Robinson, 1995b, Lemma

2), we have
q

Sa(d) = Z (20, —1og(20, +1)] + O(m ™ logm).

a=1

12



Because x — log(z + 1) achieves a unique global minimum on (—1,00) at = 0 and
x —log(x + 1) > 22/6 for 0 < |z| < 1, for all sufficiently large n

infy o, Sa(d) > 6%/8.
For A(d) and B(d), if there exists nonrandom Z(d) such that
() supe, [A(d) — Z(d)| = 0p(1), (i) =(d) > Bd), (i) =(d) = Bd), (9)
as n — oo, then, since inf g, =Z(d) > inf ¢, B(d) > 0, we have, uniformly in Oy,

log A(d) —log B(d) > logA )
= log([2(d) + 0p(1)]/Z(d)) = 0p(1),
log A(d”) —log B(d") = log ([E(d°) + 0p(1)]/=(d°)) = 0p(1),

—
&
|
<3

09
[1
—~
S

and Pr(infg, g, S(d) < 0) — 0 follows.
We proceed to show (9). For (i), recall that A;(d)~! = diag()\;-l“ei(’\j_”)d“ﬂ) and

Aj(d) ™ = Aj(d = d®) A (d)Th = Ay ()T A (d) T

It follows that

27Tm> —2(01+-+04)

A(d) = (

n

x det {;zm: Re [A;(0) Ay (d) " T(A)AS(d”) T AL(0) ] }

= det { — i Re [M;(0)A;(d%) " I(A)AS(d”) 1M ()] } : (10)

where M; () =diag(e’*~™%/2(j /m)0%). Hereafter let I; denote I()\;) and wgj denote
wq(Aj), the ath element of w(\;). Observe that the (a,b)th element of the inside of
det{-} in (10) is (recall that A;(d) =diag(Aj4(d)) with Aj,(d) = )\j_d“ei(”*)‘j)d“ﬂ, as
defined in (6))

1 m
m;Re

Summation by parts (c.f., Robinson, 1995b, p. 1636) and Lemma 1 (a) give, uniformly

.\ Oo+0 ¥
GO @a—opy/e (3 )T Wag Wiy
m Aja(dO)A%, (d0)

13



1 i\ =) (0a—0p) /2 ( )0a+9b WajWh; 0
sup | — e avb — =G
o) |m Z m Aja(d)A%,(d0) ~ T

(L)Q”Qb =) (6a—61) /2

0q+6
PALNETT i —m)(0a—00)/2
m

)/
m
wangj quwa 0
_ ——Ga
(Ajawom;b(d% ) 2( Aja(d) A3, (@) b)
ra2A ] | wajw;j 0
¢y (m) 7 ;<Aja(d0)A;b<d0) Cab

% Z(M ng) = op(1). (11)

It follows that, uniformly in ©1,

AN
S|~

- fmi
E

IA

;iRe [M](Q)Aj(do)—l_[JA;(dO)—lM* ZRG GOM*(G)] +0p(1)

We proceed to derive an approximation of the rlght hand side. From Lemma 2
of Robinson (1995b), we have supcs.>. ’7m‘1 Z;n:l(j/m)“*_l — 1‘ = O (m™°) for
0<e<C<oo. Also eMM0a=0)/2 — o=in(0a=0:)/2 L O()). Define 8 () and M.(0)

to be matrices whose (a, b) elements are e ”(9“_917)/2 and (14+60,+6,)~ f xlatbody,
respectively. Then it follows that

% 3 [M;(0)GOM;(0)] = £ (0) © Moo(0) © G+ O(mn™ ") + O(m™22),  (12)

where ® denotes a Hadamard product. Because the determinant is a continuous
function of each element and the matrices & (0) , Moo (), and G are finite for § € ©1,
(i) of (9) follows with

Z(d) = det(Re [€ (0)] ©® Mxo(0) © GY).

For (ii) and (iii) of (9), rewrite £ (f) = £€* with £ = (e”70/2 ... ¢=im0a/2Y
Then
Re[€ ()] = Re (£67) = Re[¢] (Re [¢])" + Im [¢] (Im [¢]), (13)
and it follows that Re [€ ()] is positive semidefinite. Since My () and G are positive
semidefinite, Re [€ (0)]® My (0) is also positive semidefinite (Liitkepohl, 1996, p.152).
Therefore, it follows from Oppenheim’s inequality

m
If A, B are m x m and positive semidefinite, then det(A ® B) > det AH bi;.
i=1

14



(Litkepohl, 1996, p.56) that

, (det G%) = B(d),

i :je

E(d) > f[ (Re[£ (0)] © Mo (6)),, det(G®) =
a=1

giving (ii) of (9). (iii) follows because Z(d") = det(M(0) ® G®) = B(d’), since all
elements of £ (0) are one.
We move to bound the second probability in (7). Observe that

q m
S(d) = logdet@(d) —logdet@(do) -2 E Hai E log A;
m
a=1 7j=1

1 S — — * — * —
= logdetEZRe [Aj(0) A4 (d°) T A (d0) AL (0) 7

j=1
q 1™ R
-2 il - 0
> Oa— Z log \; — log det G(d)
a=1 7=1
= logdet D(d) — log det D(d"), (14)

where
D) = ;iR [P;(0)A;(d) ' 1A% (d*) ' P(6)],
j=1

Pi(0) = diag(e'™%2(j/p)%),  p=exp(m™t L, logj) ~ m/e.
Since log x is a monotone increasing function of z, Pr(infg, S(d) < 0) — 0 follows if
Pr(infe, det D(d) — det D(d°) < 0) - 0 as n — . (15)
For a g-vector W;, we can write down each summand of ﬁ(d) as
Re[P; (0)A,(d*) " 1A% (d%) P} (9)]
= Re[W;W5] = Re[W;](Re[W;])’ + Im[W;] (Tm[W;])’,

which is positive semidefinite. Thus IA)(d) is a sum of m positive semidefinite matrices.
For a fixed k € (0,1), define

m

1

Dp(d) = — Re [P(0)A;(d") " ;A5 (d%) P (6)]
J=[rm]
1 m

Ku(d) = — > Re[P(0)G° P;(6)].
j=lkm]

Then, it follows from Liitkepohl (1996, p. 55) that

det D(d) > det Dy(d). (16)

15



D,.(d) is uniformly approximated by Kj(d). The (a,b)th element of Dy (d) — K,(d) is

0q+06 apy¥
il Z Re |~ 77)(9a—9b)/2< > o e —Gob
b Aja(dO)Ajb(dO) ¢

J [wm]

Bat6 0a+0 o
_ <m) R Z (i ea—ebw( > ety o
p Aja(dO)A;b(dO) ¢

J ]

= o0p(1) uniformly in 6 € Oq,

where the third line is derived similarly to (11) from summation by parts, Lemma
1 (a), and Lemma 5.4 of Shimotsu and Phillips (2005). It follows that, for any
k€ (0,1),
supg, |det D,.(d) — det K (d)| = op(1), asn — oo.
The proof is completed by deriving the lower bound of K, (d) for d € ©3. Rewrite
K(d) as
K(d) = My,(0) © G,
where a positive semidefinite matrix M) () is defined as
/

MO = 37 Re[2,77], 7= (TR ), I )

In view of Oppenheim’s inequality, Lemma 5.5 of Shimotsu and Phillips (2005), and
Lemma 2, there exist ¢ € (0,0.1) and & € (0,1/4) such that, for sufficiently large m
and all k € (0,R),

. > 0
1(512fdetK,4(d) > detG 1an Z < )

=[rm]

> det GO(1 + 25)(1 — 221 o(1).
Choose # sufficiently small so that (14 2¢)(1 —#%2)77!1 > 14¢. Then, it follows that
infe, det Dy (d) = infe, det K. (d) + 0p(1) > det GO(1 + €) + 0,(1).

From the results for d € O, we have det ﬁ(do) = det é(do) —, det G¥ as n — oo.
Therefore, R R
Pr(infe, det Dy(d) — det D(d°) <0) — 0 asn — oo,

and (15) follows in view of (16), completing the proof. O

8.2 Proof of Theorem 2

We follow the approach developed by Lobato (1999). Theorem 1 holds under the
current conditions and implies that with probability approaching one, as n — oo, d

satisfies
J0

dd

_ dR(d)
7 - dd

0= dddd’

d

16



where [|[d — d°|| < ||d — d°||. d has the stated limiting distribution if, for any ¢ x 1
vector 7, as n — o0,

. — dR(d) . OR(d) /
ﬁ\/%wdo = azz:lﬁa\/ﬁ ad, 0 —a N(0,7'Qn) (17)
2
L - e am2ee@t i L T (e - L)y

8.2.1 Score vector approximation

First we show (17). The proof is similar to that of Lobato (1999). Observe that

OR(d) 2 & A
vm 2. ——\/mj;log)\]—i-tr

aG (d)

G(d)~ vm o

(19)

Let 74 be a ¢ X ¢ matrix whose ath diagonal element is one and all other elements are
zero, and let A? denote A;(d") in the following. From A;(d)™* :diag()\?aei(’\f_")dam)
and Re[(a + bi)(c + di)] = ac — bd, we obtain

1 N — T, 1. o
= ?ZRe [(log)\j+ J2 z) (A?) lzalj(Ag) 1]

el

Jm

1 AN —T _ . . o —
=D S I [(A) T (il + Ljia) (AF) 7],
- Hla + HQG'

Therefore, > ¢ na/m(OR(d))/(ddy)|q0 is equal to

Zq:na —;milog)\j—f—tr[@(do Hla} +Znatr[ G (d°)~ Hga]le+Rg.

a=1 7j=1

We proceed to find an approximation of Ry and Ry. First, we obtain, with v; =

17



logAj— m~ 1> " log Aj = log j— m™1 Y 1" log j = O(logm),

Zlog)\ +tr[ (do) Hla}

S Hla—\/szbgAjé(dO)ia

J=1

tr [G(d%)~ \ﬁiyﬂRe AO) 1 (AO*) ]

(g + 0p(1)) fm S0, {(Re [(AD) 1 1,(A%) 1]}, (20)
j=1

where g% is the ath row of (G°)~! and {4}, denotes the ath column of matrix A. For
the moment, we proceed ignoring the o,(1) term in (20), but later it becomes clear

that doing so does not affect the result. If follows from summation by parts, Lemma
1 (bl), and > " v; = 0 that

1 m
— > y(A) A
P Z ﬂ
= \/1,—” Z vj | (A A*(A)(AT) ™ = GO + 0p(1). (21)
7j=1

Thus

}Z DMz ( {Re [(ADT A LA (\)(AF) 1 3, —1)+op(1)

Jj=1

(22)
The first term on the right is equal to

\F Zmzv] ( { (A9~ ( Zstst> A*(2y) (A9 ! }a _ 1)

2 a 0 zts)\ * 0x\—1
e D | 9 Re [ (D710 szZw’ ) arogan)

The first part is o,(1) from applying the proof of Lemma 1 in Appendix D of Lobato
(1999). It follows that

n
R, = ng Qg5 +0p(1), D=

7 ZV]RG[ —is); —|—Q/ is); ’ (23>
t=2 s=1 an

18



where ; is defined as
q
= Z o {AT AT g (MDA, (24)
We can simplify R; further as
n o i1 1 m
R, = Z_:gg SZ_: Ot—ses + 0p(1), Os = Py JZ_; viRe [Q; + Q)] cos(s);). (25)

This is because we can rewrite 7 ef Si2 @y o — S0 6 ST O ey as

n

t—1 m
1 .
;52 SZ:I py ;::1 viIm [Q; — Q)] sin(t — s)X; p es. (26)

This is 0,(1) because its second moment is equal to

n—1ln—t m
>0 S v { (I [ — ) T [0 — ] sin(s,)
t=1 s=1 j=1
n—1n—t
+7r2§m2 Z Z VjVitr { (Im [ — @5])"Tm [, — 0F] } sin(sA;) sin(sAg),

t=1 s=1 j#k

which is o(1) from Im[Q;] — 0 by Assumption 5, > 7", VJQ = O(m), and Lemma 3
(c) and (d).
We move to Ry. Proceeding similarly to (20) - (21), we obtain

tr |G () Haa| = (9" + 0,1 fz ) {Im [(A) ;A% ']} L (27)

It follows from Lemma 1 (b2), Assumption 5, and the uncorrelatedness of I.; and
1., for j # k that

m

Lm (Aj — m)Im [(A?)flfj(/\?*)il}
j=1

_ _% > I [(AD) LA I AT (A)(AY) 7 + 0,(1).
j=1

Therefore, ignoring the 0,(1) term in (27) and proceeding as between (21) and (23),
we find that

n t—1
__ T ' F 3 X I ish;
R2—2tzz€t;q)t_s€s—|—0p(1), b, = anzlm[ —18\; _|_Q s :|
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where €2; is defined in (24). Using a decomposition similar to (26) in conjunction
with Im[Q2;] — 0 and Lemma 3 (a) and (b), we can simplify Ry as

n t—1 m
~ ~ T 1
Ry = ;aggemss +o0,(1), O,= SN JZ; Re [Q; — Q] sin(s);). (28)
It follows from (25) and (28) that, with z; = 0,
q n t—1
OR(d ~
Z’I’]am 8(5 ) = ZZt+Op(1), Zt 262 |:@t75+@t75:| Es.
a=1 @ Jg =1 s=1
By a standard martingale CLT, (17) follows if
n q q
> E(2|Fi-q) ZZnaanab — 50, (29)
t=1 a=1b=1
Y E(I(n| > 6)—0 foralld>0. (30)
t=1

Applying the argument in Lobato (1999, pp. 149-51) to our ©4 and O, , we obtain
04[], 18511 = O(n~'m! /2 log m) for 1 < s < n/2 and ||©,]],|8]| = O(m /25~ log m),
and Assumption 1 implies that ; = O(1). Therefore, Lemmas 2 and 3 in Lobato
(1999) hold for our ©4 and 0,. Hence, we can apply the arguments in Lobato (1999,
Proof of (C2), pp. 142-43) to show that (30) holds. For (29), from the results in
Lobato (1999, page 142 line 1 and Lemmas 2 and 3), we have

znj E(2|F, 1) = znj titr [(@s + éH)' (CI éts)] top(1).  (31)
t=1

t=2 s=1
Now
n t—1 _ »
>t [0)_.61 + 60|
t=2 s=1

—1n—t
s

n—1 m
= a3 3 vt {Re [+ ] Re [ + 04 co(s))
t=1 j=1
n t m

=1 7=
1
+ﬁ D2 2. D vwwtr {Re [ + Q5] Re [ + 4]} cos(sA;) cos(s\i)

t=1 s=1 j#k

n—1ln—t m

4 2mn2 n2 lelzm"{Re Q - ]Re [Q - ]}Sm (s)\j)
t s=1 j=1
—1n—t

4 T an - Z:l Z#Z tr {Re ] Re [Qk — QH } sin(sA;) sin(sAg).
t=1 s j#k

20



The second and fourth terms are o(1) from ; = O(1) and Lemma 3 (b) and (d).
For the first and third terms, observe that

{ tr { (47%) " Re [ﬂ'} Re{ ) -2l 1 2 Gy () (32)
r{(47%)""Re Q] Re (]} — >20_; 2,

as Aj — 0. Therefore, in view of Lemma 3 (a) and (c), we have 37, S0~ 1tr[@£_s@t75—|—
OOl = >0 > NamQep. Finally,

n t—1
;=
> D 6O
t=2 s=1

n—ln—t m m
1

L SIS vt (Re [ + 9] Re [0 - 4] feos(sy) sinsh) =
t=1 s=1 j=1 k=1

because tr((A’+A)(B—B’)) = 0 for any real matrices A, B. Therefore, 321", S\t tr[(©;_ o+
O1—s) (O1—s +O1_5)] — D1, szl Nabap, establishing (29). Since m —1/2 Z] "z
Re[(A?)_IIj(Ag*)_l] and m~1/2 Py Im[(Ag)_lfj(A?*)_l] are Op(1) from the above
argument, the o,(1) terms in (20) and (27) do not affect the result.

8.2.2 Hessian approximation

The proof is similar to that of Lobato (1999). Fix ¢ > 0 and let M = {d : (log n)4||d—
d°|| < e} = {0 : (logn)*||0|| < ¢}. First, we show Pr(d ¢ M) — 0 as n — oo. Using
the notations in the proof of Theorem 1, infg \ s S2(d) is bounded as

infg,\as S2(d) > £%(logn)®/8.
By applying Lemma 1 (b2) to (11), we strengthen (i) of (9) to
supe, |A(d) — E(d)| = Op(m”n~7 +m ™2 logm +mn™").
It follows that, uniformly in ©1,

log A(d) —log B(d) > log ([2(d) + op((logn)~®)]/Z(d)) = logn )78,
log A(d”) —log B(d’) = log ([E(d") + op((logn)~®)]/=(d") ) »((logn)™®).
Therefore, as n — oo, Pr(infg,\ ys S(d) < 0) — 0 and Pr(d ¢ M) — 0 follow.
Observe that
0*R(d) o OG(d) 4y, 0G(d) Ay 92G(d)]
oo, |7 D ga, ¢ D5, T C D50 54, (33)

The derivatives of G (d) are given by

8G ZRe [(log)\j + Aj —

1 Aj— T, _ s n—1.
—l—EZRe [(logx\j— ]2 2) Aj(d) 1IjAj(d) Yial,
j=1
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and

82G(d) 1 & i—m )\ 1 et
caciOpE m;Re <1ong+ ) iy (d) "L LAY (d)
1 &  |? _
+E ZRe log \j — ~2 i aAj(d)*llej-(d)*lib
=1L /
13 ™ |? _
+E Z Re ||log A\j — ? ibAj(d)_lfjA;(d)_lia
=1 L /
1 & [ Ni— 1\
—|—%ZR6 (log)\J - 5 Z) Aj(d)_IIjA;(d)_liaib] .
=1 L

Define, for k£ = 0,1, 2,
Grl(d) = m™' Y7 (log A" Re [A;(d) " A (d) 7L
Gr(d) = m™ 7 (log A)) m [ A (d) M L;AG(d) 7]

Then it follows that

aG(d . . B B
acg ) = i,G1(d) + G1(d)ig + (7/2)iaGo(d) — (7/2)Go(d)ia + 0p((logn)~h),

92G(d N L

8dai§d2 = iqipGa(d) + i,Ga(d)ip + 1sG2(d)iq + Ga(d)igip

(2 /4) [—iaibéo(d) +iaGo(d)ip + isGo(d)ia — éo(d)iaib}
+7iqipG1(d) — 7G1(d)iaip + 0p(1),

where the order of the reminder terms follows from summation by parts, > 7%_; A; (d)~'I A (d)y~t =
O,(r), and Assumption 4’. We state the following properties, to be established later.
Uniformly in d € M,

Gi(d) = G'm~ " 7 (log A))F + op((logn)*~2),  Gi(d) = op((logn)¥~2).  (34)
The assumption m~7logn — 0 is necessary in ShowingA(34), because the terms
with G1(d) do not cancel out even if we take the trace of G=1(d)(9%G(d))/(0d.0dp).
Define GY, = i,G® + G4, G, = 1aipG + iaGY%p + 1,G i + G%qgip, and GY,;, =
—iqipGP + 4GV + i,G% 4 — GYi4ip. Tt follows from (34) that

G7'd) = (G +oy((logn) ),
0G(d)/0dy = m™' T, (log \j)GY, + op((logn) 1),
0*G(d)/0da0dy = m~" Y (log Aj)2GY,, + (72 /4) G, + 0p(1).

Since tr[(G°) 71 GT,(G?) 71 GY] =tr[(G°) ' GY,) and m Tt 30T (log Aj)?—[m ! 30T (log Aj)? —
1, we obtain

92R(d)

3a.0d, = T UG Chap & (7 /4)(C°) 7 Clap] + 0p(1),
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and (18) follows. G(d) —, G follows from (34).
It remains to show (34). Define

Fy(d) = m™" 20 (log ) A;(0) ' GOAG (),
then (34) follows if
b |t 7 (108 4)EA () AT (@) = Fu(d)]| = op((logn)*2), (35)
subacar || Fi(d) — Gom ' S (log Ay)F|| = o((logn)*2). (36)
For (35), rewrite it as
subgenr |[m ™ 7y (l0g A A (8) ! [Ag(d*) M IAT(@) T - 60 Az 0) 7Y (37)

Define byj(0) = (log A;)*eis=m(0=0)/2)\%*% then the (a, b)th element of the inside
of supyeps in (37 ) is equal to

. 0 0
-1 S b (6) |:e7,(/\j—7r)(d2—dg)/2)\;la+dbwajw;j _ ng} _
It is easily seen that by,;(0) — by +1(8) = O((logn)*j~1) and by, = O((logn)k)
uniformly in # € M. Therefore, it follows from summation by parts and Lemma 1
(b2) that (37) = Op((logn)*m=1 3" (rPn=F + =12 logr)) = 0,((logn)F=2).
We move to the proof of (36). The (a,b)th element of the inside of supycy, in
(36) is equal to
— m (N —T a— Oa+0,
m 1Zj:l(log Aj)E | eihi =m0 eb)/Q/\j 1] GY,. (38)

Since, for # € M and 0 < \; < 1, [A7F% —1[/|0, + 0] < |log A;|nl%+1%] < C'logn
and |V =M W0a=00)/2 _ 1| < C(|0,] + |63]), we have

sup e /07O ZNLTR 1] < O'supgers([fa] + |6s]) log n = O((logm)~?),
and hence (38) is o((logn)*~2). Therefore, we show (34) and complete the proof. [J

8.3 Proof of Theorem 3 (a)

The proof follows the logic of the proof of Theorem 1, with corresponding modifica-
tions. Define

S(d) = R(d)— R(d)
q m
~ ~ 1
=1 -1 0) — § 72 log A
ogdet G(d) — logdet G(d”) — 2 Ham 0g \;

a=1 j=1
= log A(d) — log B(d) — log A(d°) + log B(d®) + S»(d),
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where S3(d) is defined in (8) and

- 27m, (O14--+04) _ _ q _
A(d) = (n) det G(d), B(d) =[] (200 +1)"" det G°.
a=1

From the proof of Theorem 1, Pr(infg, g, S(d) < 0) — 0 follows if we find a non-

random Z(d) such that, as n — oo,

A(d) — E(d)| = 0p(1), (i) E(d) > B(d), (iii) =(d) = B(d").
(39)
Define ]\Ajj(ﬁ) —diag(e~"(%~m4a/2(j /m)P). Then, the expression of A(d) corre-
sponding to (10) is

(i) supg,

A(d) det{ ZRe[ Aj(d®)~ 1I(Aj)A;f(d0)1zT4’;(9)]}. (40)

Applying summation by parts, Lemma 1 (a), and the bound provided by (11) gives,
uniformly in ©1,

A(d) = det { ZRe [ GOM*(H)} + op(l)} :

Proceeding as in the proof of Theorem 1 with ¢”* = 14 O()), we obtain the bound
corresponding to (12):

- Z Re [ GOM*(e)] = Moo(8) © C° + O(mn~Y) + O(m™22).  (41)

Therefore, (i) and (iii) of (39) follow with Z(d) = det
be a matrix whose (a,b) elements are explim(d) — dj)/2
Re[£%]® G and Re[€Y] is positive semidefinite (c.f. (13)),
Therefore, we may apply Oppenheim’s inequality to Z(d
because

(M ( ) ® GY). Define £° to
]. Since we can rewrite GO =

G is pos1t1ve semidefinite.
), and (ii) of (39) follows

q
=(d H 4 det GO = B(d).

The proof completes by showing Pr(infe, S(d) < 0) — 0. In place of (14), we
obtain B B ~
S(d) = logdet D(d) — log det D(d"),

where
D(d) = T}liRe [ﬁj(G)Aj(do)ilfjA;(do)flﬁ;(e) 7
P(6) = ding(e™ XTI /p)")
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Pr(infe, S(d) < 0) — 0 follows if
Pr(infe, det D(d) — det D(d°) < 0) — 0 as n — oo. (42)
For a fixed k € (0,1/4), define
o 1 < D — * —1 po*
Duld) = = 3" Re[B0)A,(d") LA () P (0)]
j=[rm]

and K, (d) = m™! Z;n:[,{m] Re[ﬁj 0)G° fN’]* (6)]. Then we obtain det D(d) > det D (d)
and supg, |det Dy(d) — det K, (d)| = op(1) by applying the same argument as the
proof of Theorem 1. We move to derive the lower bound of K,(d). Rewrite K (d) as

K, (d) =M ()0 &R GO,

where a positive semidefinite matrices ]/\ZﬁL(Q) and &), are defined as

— I & 55 . .
M) = — S %2, Zi= (G0 G
j=lrm]
K 1 - * —i(Nj—m)d? —i(A\j—m)d? !
gr = m‘;]Re[gjgj], gj:<e N=mdd/2 . =iy )dq/z)_
J=|km

From Oppenheim’s inequality, Lemma 5.5 of Shimotsu and Phillips (2005), and
Lemma 2, it follows that there exist ¢ € (0,0.1) and & € (0,1/4) such that, for
sufficiently large m and all k € (0, &),

q m -\ 26
. ~ . 1 VAN
fdet Kp(d) > det{&n oG }inf[[= > (=
132 ¢ ( ) o ¢ {ngG }léIQOEmj[nm] (p>
> det {(1 — k)G + 0(1)} (1+2e)(1 — K22)97 1 4 0(1).
Choosing « sufficiently small gives infg, det 5R(d) = infg, det K (d) + 0p(1) > (1 +

£)det GO + 0p(1). From the results for d € ©1, det D(d®) = det G(d°) —p det G°, and
(42) follows and we complete the proof. O

8.4 Proof of Theorem 3 (b)

The proof follows the logic of the proof of Theorem 2, with corresponding modifica-
tions. See the proof of Theorem 2 for the relevant definitions if not stated herein.
The stated result follows if, with d € [d°, d],

dR(d) a OR(d)
/ o !
W= =) ym g, | —a N0 In), (43)
do a=1 do
A?R(d) ~
= Q. 44
dddd’ |, o (44)
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8.4.1 Score vector approximation
First we show (43). Define &; =diag(exp[i(m — A\;)d%/2]) for j =0, ...,m, then

m

~ 1 - *\—1 %
G (d) = —> Re[&(AN T L(AT) &,
j=1
and
oG (d 1 & ~1(; ) (M) 71Es
vm 6d( ! B ﬁ Zlog)\jRe [Sj(A?) ! (talj + Ijia) (A? ) 153'] :
a do j=1

Using an argument similar to (19) and (20), we obtain

OR(d)
;naxf %, |,
I 2 & o1 OG (d°)
= ;na{mjzllog)v—l-tr G(do) %Tda }
= @+ o) = Do {Re [0 L) E), =
a=1 j=1

where g% is the ath row of (G°)~! and {A}, denotes the ath column of matrix A.
Using summation by parts, Lemma 1 (bl), > 7" v; = 0, and m3n~2(logm)? — 0, in
place of (21) we have

1 ¢ - 1o
ﬁzwejm?) (AT
]:

m

1 B i} i )
= me [E0(A7) T AN e A" (N (AT) THES — E0GOE] + 0p(1). (45)
=1
Then, proceeding as in the proof of Theorem 2, in place of (22) and (23) we obtain
~ 92 q m » B ) o
F = *mZnaZvj (g {Re [E(ADTT AN I A (N (AY) 15}, — 1) +0p(1)
a=1 j=1

n

t—1
= Zeg Uy_ses + 0p(1),
t=2  s=1
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where

1 n C s e
v, = W\/ﬁnzije [Qje 57+Q;-es J}

= W\rn Zije [Q + ¢ ] cos(sAj) TF\F ZV]IHI { Q;] sin(sA;),

Qj _ Zna {A* AO* 15*} gago AO) 1A(A)

Since ||¥s]| is bounded by the bound of |||, (43) follows if (c.f. (29)-(31))

n t—1 q q
Z Z tr [\P;_S\I/tfs} — Z Z naanab —p 0. (46)
t=2 s=1 a=1 b=1
Now
n t—1

SO (W0
t=2 s=1
n—ln—t m

- eSS e e o, 1 o

n—1n—t

+7r2mn2 Z Z ZZ vjvgtr {Re [Q +Q; } Re [Qk + Qk} } cos(sAj) cos(sAy)

t=1 s=1  j#k

n—1ln—t m

7r2mn2 Z; Z; Z; vitr {Im [ Qj] Im {Qj — Q;] } sin2(s)\j)
t=1 s=1j

n—1n—t

7r2mn2 Z Z Z Z Vjvgtr {Im [ Qj} Im [Qk — Qﬁg] } sin(sA;) sin(sAg)

t=1 s=1 j#k

n—ln—t m m

+7r2mn2 Z Z Z Z VjVgtr {Re [Q’ +Q; ] Im [Qk - Qk} } cos(sA;) sin(s\g).

t=1 s=1 j=1 k=1

The second and fourth terms are o(1) from Q; = O(1) and Lemma 3 (b) and (d). The
fifth term is 0 because tr((A’ 4+ A)(B — B’)) = 0 for any real matrices A, B. Define
H = & H so that &(AY)TA(N;) — H and Q; — Q=321 0, {H*}ag"H as \; — 0.
Then, from Lemma 3 (a) and (c), the sum of the first and third terms converges to

(47%) " tr {Re [Q/ + Q] Re [Q + Q'} } + (4 " Mr {Im [Q' - Q] Im [Q - Q’} } .

Since Re[AA*] = Re[A]Re[A']+Im[A]Im[A’] and Re[AA] = Re[A] Re[A] —Im[A]Im[A]

for any square matrix A, this reduces to
2(4m%) " r {Re [QQ*} +Re [QQ] } )
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Since G° = Re[£,G°&:] = Re[HH*] /27 and G = Im[E,GO&L] = Tm[H H*] /2,

i) - eSS e () ()]

b

<)
I
—
o
I
—_

= (An?)~! Eq: zq: namsRe [tr [ﬁ“ﬁﬁ*@b)'{bth row of H} {ﬁ[}a”
a=1 b=1

= 3> e (o [ GR] - w [76° GV )

q q
= 3D nm |G (@05 +3°C @) G|

and o

oy e [0} = 1)1 S0 e [ [{7) 71 {717}, 7]
B ) ()]
- 3w {n[(E1 @] - @ 0
- > Y unfie-n-{@ @) {@e), ]

Therefore, (46) follows and the proof completes.

8.4.2 Hessian approximation
Fir(d ¢ M) — 0 follows from replacing A(d) and Z(d) in the proof of Theorem 2 with
A(d) and Z(d). Now, in place of (33), we have

9?R(d) ~ dG(d)
ddaOdy

(47)

Define Gi(d) = m™* Z;”Zl(log)\j)kRe[diag()\?“)deiag()\?a)] for kK = 0,1,2, then

Go(d) = G(d) and

0G(d)/0d, = iaG1(d) + G1(d)ia,
G(d)/0daddy, = iqiyGa(d) + iaGa(d)iy + ivGa(d)ia + Ga(d)igis.

Using an argument similar to (35) and (36), we obtain, in place of (34),
Gi(d) = Re [diag <ei”d2/2> Gdiag (e*”dfolﬂﬂ m~1 > it (log X))+ o, ((logn)*=2)
= GOp! ZTzl(log )\j)k + 0p ((log n)k*Q) ,
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uniformly in d € M. Define GY, = i,G%+ G0, and GY,;, = i4ipG® +iaGOip + GO +
Gi4ip and repeat the arguments following (34), then it follows that 9?R(d)/dd,ddy, =
tr[(G°)1GY ;] + 0p(1), giving (44) and completing the proof. [J

9 Appendix B: technical lemmas

Lemmas 5.4 and 5.5 of Shimotsu and Phillips (2005) are given for the convenience of
readers and are to be removed from the final version.
Shimotsu and Phillips (2005), Lemma 5.4
For k € (0,1), as m — oo,
1 & j 2 1 )
a su — — ) - 27dx| =0 (m™ ),
@0 gl 2 () - [ om0
j=[rm]
() SUP_c<~<C lm~1 Z;n:[nm] (j/m)] =0 (1),
lim infy, o0 inf_c<y<o jm ™" >y (4/m)Y| > € > 0.

Shimotsu and Phillips (2005), Lemma 5.5

For p~m/easm — oo and A € (0,1/(2e¢)), there exist € € (0,0.1) and & € (0,1/4)
such that, for sufficiently large m and all fived k € (0,F),

: 1o~ ()" S AN
(a) inf — =) >1+2¢, (b) inf — g =] >1+42e.
—C<y<—14+2A M o] 1<y<C'm =] p
j=[rkm =[km

Lemma 1 Let A,(\;) be the ath row of A(\j) = 352, Are™ i and Aj(\;) be the
bth column of A*(N;).

a) Under the assumptions of Theorem 1, as n — oo, for 1 <v <r <m,
p
4 d%+d9
; . 0_ 40
max E (e’(/\f ™)(da db)/2/\j“+ P Wajwy; — ng) = Ayr + By,
) j:’U

where Max<p<r<m |1~ Apr| = 0p(1) and E|By,| = O(r'/?logr).
(b) Under the assumptions of Theorem 2, as n — oo, for 1 <v <r <m,

B1)  max 3 BB (g LA ()
Jj=v
_ p(rl/S(logr)2/3+10gr+r1/2n71/4).

T
. 0 0
(b2)  max (el(’\f_”)(dg_dg)ﬂ)\;lﬁdbwajw;,‘j - ng) = O0,(rPn=P 4 r1/21ogr).
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Proof Decompose the term inside the summation as Hy; + Haj + H3j;, where

i —1)(d0 —dO d9+d9 * *

Hy = QMU d)2\0T% [y sk — Ag(\) I A5 (A))]
i(\j—)(dd—d? do+dy

Hyy = QM d)RNETS (4, (\) AL (\) = fan(Ag)]
. 0 0

H; = 67’@"7”)@2%2)/2/\?”%fab()\j)—ng-

We prove part (a) first. Assumption 1 implies that, for any n > 0, n can be chosen
such that max, p |Hs;| < nuniformly in j = 1,...,m, and max, , max,p |[r ! E;:U Hsj| =
o(1) follows. For the contribution from Hy;, from the proof of Theorem 2 of Robinson
(1995a) (also see Robinson (1995b) p. 1673) we have

EIL = f{1+0( " log(j + 1)},
Buwgul; = Au(\j)/27 + O og(j + DAT%),  j=1,...,m.  (48)
EL; = I,/27 + O(j " log(j + 1)),

Rewrite Hy; as

i\ —7)(d® —df dd+dy ® Ak
et —m)(dg db)/Q)\j b {[waj —A ()\])ng]wb] + Aa(Aj)we; [wb] wz; Ay ()\j)}}
(49)
From (48), Aq(\j)A;(N;)/2m = faa(N;), and )\ “faa( ;) ~ GY., we obtain

2 —2d9 .1 . * —2d9
E wej — Aa(Aj)wei|” = ON; 757 og(j + 1)),  Bwpjwy; = O\, "),

and similarly for Efwj; — w;‘jAZ(Aj)P. Therefore, applying the Cauchy-Schwartz

inequality to the terms in the brace in (49) gives E|(49)| = O(j~'/?log(j + 1)) and
max,p B>, Hij| = O(r'/?1ogm) follows.

For the contribution from Hs;, as in Lobato (1999, p.148) use I.; = (27mn) (Y.} eref+
DD spt 564’ (57N to rewrite > imy Haj as

n

1< 1
ez()\ —m)(dd—d) /2 § :/\d +dbA n E EtEt ()\]) (50>
t=1

1 T
iy —m)(d— dD)/z Z)\d +dbA D Ceacte T ) A7 (2y). (51)
s#t

(50) is op(r) uniformly in 1 < v < r < m because n~ 1> 7 (eie} — I;) —p 0 from
040

Theorem 1 of Heyde and Senata (1972) and |[4; (Aj)Aa(A))|] = O(A; %a db). Rewrite

(51) as efi—m(da—d})/2 52 st E15t—sEs, Where

- do+d) ,« i(s—t)A;
Eis 2MZA DAL () Aa(N))el 50N
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DD st E1Et—sEs has mean zero and variance - 35, (vec'E_svecE,_s+vec E;_ vecE _y).
Trivially, we have ||Z]| = ||2 _SH = ||Z,_sl] and Z5 = O(rn~!), and summa-
tion by parts gives Z, = O(s 'logr) for 1 < s < n/2. Therefore, the variance of

—_ . n/rl 1= n/2 —_
5 S siZises is O S 1EAl2 + n ) 112l2) = O(r(logr)?), and part
(a) follows.

For part (b), (b1) holds because maxap | Y7, Hij| = 0,(r'/3(logr)?/3 + logr +
r1/2n=1/%), which follows from applying the proof of (C.2) in Lobato (1999). For
(b2), in addition to the bound on max,p |3 }_, Hij|, we have maxqp | > 7, Haj| =
O,(r'/?logr) because (50)= O,(r'/2) since n=1 31 | (g1e} — I,) = Op(n~1/?) from
Assumption 2 and (51)= O,(r'/?logr). Assumption 1’ implies max,p | > iy Hajl =
O(rP+n=P), giving (b2). O

Lemma 2 For p ~ m/e as m — oo, A € (0,1), and K € (0,1), we have, for
sufficiently large m,

inf — <j> >1— k% +0(1).

—142A<y<1 M P
Jj=[rm)]

Proof It follows from Lemma 5.4 of Shimotsu and Phillips (2005) that
m ; vy 1 m 2\ Y 1 Y(1 — g+
Z ( > ( ) Z <J> = e”/ 2Vdz+o(1) = w—i—o(l).
P m m p v+1
=[rkm j=[km]
The stated result follows because €7 /(v +1) > 1 for v € [-1+2A,1]. O

Lemma 3 For j,k=1,...,m with m = O(n), as n — oo,

(@) Yoio) Yooty cos*(s)y) = (1/4)n? + o(n?),
(b) ?_11 p fcos(s)\ Jeos(sAg) = O(n), j#k,
() iy Souysin®(shy) = (1/4)n* + o(n?),

(d) Dop5 YiIysin(s)y)sin(shy) = O(n), j #k,

Proof Robinson (1995b, p. 1645) shows that Y ZS fcos?(sAj) = (n — 1)%/4,
S eos(shy) = —n/2, and Sp ST 1cos(s)\ )cos(sA\g) = —n/2 for j, k =
1,...,m < 3n, j # k, giving parts (a) and (b). Part (c) follows from

n—1n—t n—1n—t
. B N nn—1) (n—1)>2 B n?(1+o(1))
; 151n2(3)\j) —;;{1—0052(8)\])} = - 7 .

=1 s=

Part (d) follows from 2 3771 52" sin(s);) sin(sA,) = 320 32770 {cos(sAj_1) — cos(sAjop)} =
O(n). O
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Table 1. Comparison of asymptotic variance

P 00 02 04 06 08
univariate 0.250 0.250 0.250 0.250 0.250
(Q YHn 0.250 0.234 0.200 0.167 0.142

Qu |dy —ds| = 0.0 0.250 0.245 0.230 0.205 0.170
Q11 |dy —ds| = 0.2 0.250 0.245 0.232 0.211 0.188
Qu |dy —d2| =0.4 0.250 0.247 0.238 0.225 0.218

(Q71)11/0.25 1.000 0.937 0.801 0.669 0.570
Q11/0.25  |di —ds| =0.0 1.000 0.980 0.920 0.820 0.680
Q11/0.25  |di —ds| =02 1.000 0.982 0.929 0.845 0.753
Q11/0.25  |di —ds| =0.4 1.000 0.987 0.951 0.901 0.870
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Table 2. Simulation results: n = 512, m = n%% =57

GSE1 GSE2
bias s.d. RMSE % bias s.d. RMSE %
p=20.0
(d1,d2) = (0.2,—0.2)
d; -0.0069 0.0777 0.0780 1.0173 -0.0071 0.0773 0.0776 1.0069
dy -0.0035 0.0780 0.0780 1.0159 -0.0037 0.0775 0.0776 1.0049
(d1,d2) = (0.2,0.2)
d; -0.0065 0.0772 0.0775 1.0083 -0.0066 0.0770 0.0772 1.0018
dy -0.0051 0.0777 0.0779 1.0182 -0.0052 0.0772 0.0784 1.0053
(di,d2) = (0.2,0.4)
d; -0.0057 0.0775 0.0777 1.0168 -0.0058 0.0770 0.0772 1.0034
ds -0.0020 0.0779 0.0780 1.0135 -0.0020 0.0776 0.0776 1.0054
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Table 3. Simulation results: n = 512, m = n%% =57

GSE1 GSE2
bias s.d. RMSE % bias s.d. RMSE %
p=04
(d1,d2) = (0.2,—0.2)
d; -0.0053 0.0694 0.0696 0.8101 -0.0049 0.0751 0.0753 0.9509
ds -0.0021 0.0704 0.0704 0.8135 -0.0019 0.0760 0.0761 0.9500
(d1,d2) = (0.2,0.2)
d;  -0.0056 0.0691 0.0694 0.8082 -0.0067 0.0738 0.0741 0.9197
dy -0.0044 0.0688 0.0689 0.7969 -0.0051 0.0742 0.0744 0.9285
(di,d2) = (0.2,0.4)
d; -0.0038 0.0692 0.0693 0.8105 -0.0052 0.0741 0.0743 0.9289
ds -0.0017 0.0690 0.0690 0.7982 -0.0013 0.0748 0.0748 0.9370
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Table 4. Simulation results: n = 512, m = n%% =57

GSE1 GSE2
bias s.d. RMSE % bias s.d. RMSE %
p=038
(d1,d2) = (0.2,—0.2)
di  0.0017 0.0594 0.0594 0.5936  0.0059 0.0711 0.0714 0.8523
dy  0.0046 0.0604 0.0606 0.6026  0.0090 0.0721 0.0727 0.8578
(d1,d2) = (0.2,0.2)
di -0.0043 0.0581 0.0583 0.5708 -0.0066 0.0635 0.0638 0.6820
dy -0.0038 0.0576 0.0577 0.5607 -0.0054 0.0637 0.0640 0.6864
(di,d2) = (0.2,0.4)
d;  0.0003 0.0585 0.0585 0.5795 -0.0009 0.0662 0.0662 0.7412
ds  0.0004 0.0582 0.0582 0.5653  0.0033 0.0671 0.0672 0.7528
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Table 5. Simulation results: n = 128, m = n%% = 23

GSE1 (2-step) GSE1l (NR)
bias s.d. RMSE bias s.d. RMSE

p =04, (d,ds) = (0.2,-0.2)
dy -0.0173 0.1265 0.1277 -0.0139 0.1239 0.1247
d2 -0.0095 0.1268 0.1272 -0.0054 0.1237 0.1239
p = 0.8, (dl, dg) = (0.2,0.4)
d; -0.0175 0.1304 0.1316 -0.0070 0.1042 0.1044
d» -0.0190 0.1257 0.1271 -0.0078 0.1041 0.1044

GSE2 (2-step) GSE2 (NR)
bias s.d. RMSE bias s.d. RMSE

p=0.4, (dy,ds) = (0.2,-0.2)
di -0.0142 0.1341 0.1349 -0.0133 0.1341 0.1347
d2 -0.0061 0.1341 0.1343 -0.0051 0.1337 0.1338
p = 0.8, (dl, dg) = (0.2,0.4)
dp -0.0122 0.1200 0.1206 -0.0085 0.1198 0.1201
d» -0.0078 0.1194 0.1197 -0.0041 0.1193 0.1194
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Table 6. Simulation results: n = 512, m = n%% =57

GSE1 (2-step)

GSE1 (NR)

bias s.d. RMSE bias s.d. RMSE
p =04, (di,dy) = (0.2,—-0.2)
d; -0.0068 0.0695 0.0698 -0.0053 0.0693 0.0695
dy -0.0037 0.0705 0.0706 -0.0021 0.0704 0.0704
p = 0.8, (dl, dg) = (0.2,0.4)
d; -0.0052 0.0589 0.0592 -0.0010 0.0585 0.0585
ds -0.0055 0.0595 0.0597 -0.0007 0.0592 0.0592
GSE2 (2-step) GSE2 (NR)
bias s.d. RMSE bias s.d. RMSE
p =04, (di,dy) = (0.2,—-0.2)
d; -0.0053 0.0751 0.0753 -0.0049 0.0751 0.0753
ds -0.0022 0.0760 0.0761 -0.0019 0.0760 0.0761
p = 0.8, (dl, dg) = (0.2,0.4)
d; -0.0038 0.0667 0.0668 -0.0020 0.0667 0.0667
ds 0.0001 0.0682 0.0682 0.0019 0.0682 0.0682
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Table 7. Simulation results: n = 512, m = n%% =57

217G = 227G = 1.0,

271G = 271Gy = 0.4

mean(GSE1) mean(GSE2)
(dy,ds2) 2%@11 2%@12 27@22 277@11 277@12 277@22
(0.2,—0.2) 1.0274 0.4082 1.0148 1.0280 0.3447 1.0157
(0.2,0.2) 1.0300 0.4121 1.0243 1.0340 0.4105 1.0279
(0.2,0.4) 1.0244 0.4110 1.0318 1.0296 0.3937 1.0325
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Table 8. Simulation results: n = 128, m = n% = 23

rejection frequencies (W) rejection frequencies (W)
p di  do 0.10 0.05 0.01 0.10 0.05 0.01

0.0 0.2 -0.2 0.2802 0.1924 0.0866 0.1471 0.0874 0.0280
0.0 02 0.2 02801 0.1961 0.0921 0.1510 0.0927 0.0328
0.0 02 04 02899 0.2020 0.0933 0.1562 0.0947 0.0326
0.4 02 -02 02706 0.1847 0.0819 0.1375 0.0825 0.0248
04 02 02 02673 0.1854 0.0881 0.1451 0.0884 0.0289
04 02 04 02814 0.1975 0.0858 0.1504 0.0871 0.0260
0.8 0.2 -0.2 0.2688 0.1843 0.0769 0.1380 0.0775 0.0227
0.8 0.2 0.2 02580 0.1798 0.0797 0.1395 0.0802 0.0251
0.8 02 04 02736 0.1884 0.0819 0.1438 0.0829 0.0252
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Table 9. Simulation results: n = 512, m = n%% =57

rejection frequencies (W) rejection frequencies (W)
p di  do 0.10 0.05 0.01 0.10 0.05 0.01

0.0 0.2 -0.2 0.1929 0.1188 0.0422 0.1272 0.0695 0.0198
0.0 0.2 0.2 0.1891 0.1191 0.0403 0.1277 0.0705 0.0185
0.0 0.2 04 0.1936 0.1211 0.0412 0.1284 0.0726 0.0188
04 02 -02 0.1942 0.1217 0.0397 0.1294 0.0723 0.0162
04 0.2 02 0.1832 0.1132 0.0370 0.1205 0.0652 0.0173
04 02 04 0.1845 0.1142 0.0379 0.1211 0.0678 0.0166
0.8 0.2 -0.2 0.2005 0.1226 0.0427 0.1304 0.0720 0.0203
0.8 0.2 02 01773 0.1048 0.0342 0.1127 0.0586 0.0163
0.8 0.2 04 0.1819 0.1106 0.0364 0.1182 0.0644 0.0134

41



